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A critical review of the problem of spontaneous penetration of
a wetting liquid into pore channels shows that no theory exists to
quantitatively predict the initial stage of imbibition. Since C. H.
Bosanquet (1923, Phil. Mag. 45, 525), the theory operates with an
universal velocity Uggsanquet = (2yC0s8/pr)Y/2, with y being the
surface tension, 6 the contact angle, r the capillary/pore radius, and
p the fluid density. It is assumed that the initial impulse of the lig-
uid entering the pore is insignificant for the penetration dynamics.
Though the importance of the outside flow pattern has been noted
in many papers, a thorough mathematical analysis of this effect is
lacking in the literature. We derived a generalized equation of the
fluid front motion by averaging the Euler equations of flow inside
and outside the pore space. This analysis shows the significance
of the flow patterns at the pore entrance. The initial stage of lig-
uid imbibition is studied in the inviscid approximation using the
methods of dynamic systems. The phase portrait of the dynamic
system reveals a multiplicity of penetration regimes. Remarkably,
the Bosanquet solution represents a particular regime, with the ap-
parent mass being set zero. The Bosanquet trajectory refers to a
separatrix of the phase portrait. It is shown that the initial condi-
tions affect the rate of uptake significantly. The initial conditions
stem from the prehistory of the fluid motion outside the pores prior
to the liquid—solid contact. The phase portrait method allows us to
distinguish two groups of solutions for the capillary rise dynamics
of an inviscid fluid. The first group of trajectories corresponds to
the liquid front rebound; the second group includes cyclic trajec-
tories which correspond to the periodic regimes with liquid front
oscillations at the equilibrium position. The upper estimate of the
oscillation amplitude is found.  © 2001 Academic Press

Key Words: liquid uptake; capillary rise; systems with variable
masses; Bosanquet equation; dynamic systems; Bernoulli’s oscil-
lations.

1. INTRODUCTION

and physiological processes and has numerous technological
plications in oil and gas recovery, civil engineering, agriculture
catalysis, paper and fiber industries, and so forth. Despite |
apparent simplicity and more than 80-year history of intens
studies, the problem of spontaneous penetration still attra
considerable attention and opens new challenges for physicis
chemists, and engineers (1-7).

Spontaneous liquid imbibition is caused by the forces of a
traction between fluid and solid. It occurs when the free ener
of the solid—gas interface exceeds the free energy of the soli
liquid interface. Therefore, wetting leads to a reduction of th
total free energy of the system. An interplay of intermolecula
interactions in the vicinity of the three-phase contact line give
rise to a macroscopic wetting force which depends on the st
face tension of the liquidy, the pore radiug,, and the contact
angle,f. The latter is an effective parameter characterizing
given solid—liquid—gas system. For wetting fluids< 90°. In
cylindrical capillaries, the wetting force, expressed as the pre
sure difference across the liquid—gas interface, is given by tl
Laplace equatiorf_ = 2ycosd/r. The imbibition ceases when
the wetting force is balanced by an external force—in particula
gravity. The equilibrium height of the liquid rise in a capillary
is given byfcap = 2y cost/pgr, with p being the fluid density
andg the gravity.

The Lucas—Washburn Noninertial Kinetics of Uptake

Since the work of Lucas (8) and Washburn (9), the dynamic
of imbibition has been described by balancing the wetting forc
by the gravity and the viscous Poisseuillian resistance. In ¢
doing, the motion of the liquid column in a vertical cylindrical
capillary is governed by the Lucas—Washburn (LW) equation

(8n/pr?)x dx/dt = 2y cosf/pr — gx. [1]

When a capillary or a porous body is set in contact with a o o _
wetting fluid, the fluid spontaneously wets the pore walls arfdere, the column heightis denotediogind the fluid viscosity by
penetrates inside. This phenomenon is observed in many nataraihe LW equation of the imbibition dynamics in porous solids
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has the same structure with effective parameters of permeabil
and hydraulic radius (10-12).
"The LW equation has proved adequate for the uptake of vi
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extension in the direction of flow. Whenever the gravity facto
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is insignificant so that the inequalixy< 2y cosé/(pgr) holds, LW equation to give

the scaling relation between the depth of penetration and time

takes theforr_rx ~ Jt Although this_“dif_fu_s_ion”_ regimeis v_veII_ d(x dx/dt)/dt + (87/pr2)x dx/dt = 2y cosd/pr — gx. [2]
suited to the intermediate stage of imbibition in long capillaries

and packed beds (11-14), the LW equation fails to describe the, . .. - . . . .
initial stage of penetration. Indeed, the initial velocity due té«‘tthe mmal_stage of liquid penetranon the inertial and capillary
Eq. [1] is infinite, in obvious contradiction with high-resolution orces dominate the others:

observations (1, 2, 6, 7, 15-21). Miller and Tyomkin, who de-

signed a number of instruments and suggested various methods d(x dx/dt)/dt ~ 2y cosd/pr. 3]

for studying spontaneous uptake experimentally, have come to

the ultimate conclusion that the LW equation is inapplicable fg{ssuming that the initial momentum of liquid is zerog x/dt =

various fibrous materials (22-24). The failure of the LW equa@; t = 0, Bosanquet come to a finite initial penetration velocity
tion has been attributed to the neglect of fluid inertia. given by

“Inertial Capillarity” Usosanque= +/£capd = (2y cosd/pr)Y/2. [4]

While the idea of accounting for the fluid inertia looks trivial,
the approach to “inertial capillarity” (1) is not so simple as if hus, accounting for fluid inertia remedies the velocity diver
seems at a first sight. The key question concerns the form of fce inherent to the LW equation. The Bosanquet velocity
equation describing the motion of liquid column. Particularlygniversal It is independent of the conditions of penetration.
the terms associated with the effect of attachment/detachmkigwvever, initial velocities observed in high-resolution uptake
of fluid particles at the capillary entrance have been attracting¥Periments were found to be finite, yet different from this uni
long-lasting continuous discussion in the literature (1, 6, 10-3@grsal value (1, 6, 15-21); see Section 2 for details.

Indeed, the problem of the correctness of the ordinary New-
tonian equation governing the capillary rise kinetics has been The Kinetics Influenced by the Outside Flow Effects:
posed long ago, back in the 18th century. We thank G. K. The SNC Equation
Mikhailov (26) for pointing us to the letter from Georg Wolfgang

Krafft to Euler (dated September 24, 1748) in which Kraft had '€ nextprincipal step inlLJnd(te)rstandI;:g the probrllem of spor
put forward the puzzle: taneous penetration was taken by Szelklgl. (30). They cou-

pled the outside and inside hydrodynamics and considered t
The mechanicalruléc = pdt/morcdc= p ds/massumesthatthe mass Effe_Ct of apparent mass Ca_u_sed by the flow pattern O_UtSIdE t
mis constant during the entire motion; would it not be possible to create suct¢apillary. The authors modified the Bosanquet equation [2] b
arule in which the mass, or rather the moving point, could be vafable introducing the apparent mass in the form
think that it would then become possible to derive the measure of the rise
of fluids into capillary tubes, for in this case the mass that rises increases 2
all the time. Please, Sir, let me know your thoughts regarding this matter at d((x + cr)dx/dt)/dt + (8n/pr)x dx/dt
some suitable opportunity.

= 2y cosf/pr — gx, [5]
The Euler answer is unavailable; most likely, it did not survive
(26). This historic excursus shows that the problem of capillawherecis a constant of the order of unity & 7/6 in the original
rise represents an instructive example of the motion of a systeaper (30)). In the Szekely—-Neumann-Chuang (SNC) equati
of variable mass. Typical for such systems, uncertainty conceth} the initial velocity is set to zeradx/dt = 0, x = 0,t = 0),
the momentum flux flowing in/out of the moving liquid columnand, therefore, it is implied that the initial acceleration is finite
when the fluid particles are attached to or detached from it (3&Ad given byd?x/dt? = 2y cosf/cpor? atx =0,t =0. It is
33). There are two distinct points of view on the role of outsidgorth noting that similarly to the Bosanquet approach, in th
flow: some researchers believe that the outside flow is uniBNC approach, the initial momentum of the liquid column is
portant while others consider the outside effects crucial for theglectedX dx/dt = 0 atx = 0,t = 0), which leaves no room
initial uptake dynamics. for a consistent consideration of the effects of the outside flo
development. The correct formulation of the initial conditions is
crucial if, for example, one attempts to distinguish between th
dynamics of absorption of a droplet impinging upon a sheet c
writing paper and that of a droplet gently deposited on a pap
Almost 200 years after Krafft's letter and 2 years after thewel.
Washburn publication (9), Bosanquet considered the capillaryThus, the existing models of liquid imbibition operate with
rise dynamics by ignoring the flow outside the capillary erthree initial velocities: infinite (LW equation), zeroth (SNC
trance (29). He showed that the effect of fluid inertia modifies tleguation), and universal (Bosanquet equation).

The Kinetics Unaffected by the Outside Flow Pattern:
The Bosanquet Equation
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Paper Outline the time scale under consideration. Although beyond the ma
cope of this paper, the question will be briefly addressed unc

This paper is aimed at a revision of the fundamentals of t .
iscussion.

theory of liquid uptake. We start from a critical review of experi-
mental data on spontaneous liquid penetration and show that the
zeroth initial velocity implied by the SNC model is not justified 2. EXPERIMENTAL OBSERVATIONS
(Section 2). The Bosanquet velocity [4] was never observed as
well, yet it gives a rough estimate of the initial velocity either The flow visualization experiments and measurements of tl
for low-viscosity liquids or for sufficiently wide capillaries.  rate of liquid uptake are restricted mainly to the channels of sin
Thus, the treatment of experimental data corresponding to thlest geometries, the Hele—Shaw cells (21), and axisymmet
inertial regime of liquid imbibition is questionable. To resolvesapillaries (1, 6, 17, 19, 20). The results of these observatio
this contradiction, we have derived the equation of capillary risge summarized in Table 1. In most of the experiments, a regir
of aninviscid fluid, augmenting the SNC equation. The approagtith a finite initial velocity was observed. However, its magni-
is based on averaging the Euler equations inside and outsidettite was always smaller than the Bosanquet velocity [4].
pore space (Section 3). We show that various hydrodynamicn the microgravity experiments (21), a Hele—Shaw cell witf
schemes of fluid flow at the capillary inlet lead to distinct flovan encapsulated drop was released from a height of 110 min
regimes (Section 4). Using the method of phase portraits, we &wacuated container with the internal pressure below 1 mbar. T
alyze the SNC equation and reveal a wide spectrum of solutiofree fall time was about 5 s. Practically weightless condition
which are determined by initial conditions associated with aft0~° g) were reached within few milliseconds. Due to a rapic
parent mass and reactive impulse of the fluid column (Section Bhange of acceleration from the normal gravity to microgravity
The flow pattern at the inlet not only affects the rate of liquithe liquid was forced to fill the Hele—Shaw cell. The dynamic:
uptake, but also influences the maximal rise of the meniscwg.liquid invasion was recorded and the dynamics of the liqui
The method proposed describes also the oscillating regimefiofyer propagation was evaluated. Two different regimes of lic
imbibition of inviscid liquids observed recently by Querre (1yid propagation were observed depending on the fluid viscosi
(Sections 4, 5). In this paper, we focus on the problem of thie the case of viscous fluids (3M Fluorinert Dielektrika FC-77
correct description of the moving front during the capillary riseziscosity 0.013—-0.015 ps), the liquid front propagated upward :
We implicitly assume the applicability of a one-dimensionghe square root of time (LW kinetics), while in the case of low.
approach, ignoring 3D flow patterns at the pore entrance avidcosity fluids (dimethylsiloxane polymers, viscosity.005
at the meniscus. Dynamic contact angle effects and associaad~0.0078—-0.009 ps) the liquid front moved with a constan
problems of meniscus formation are also neglected. These prelocity appreciably different from the Bosanquet value (se
lems are poorly understood, yet existing practice (1, 15, 1Table 1). Since the detailed rheological properties of these fl
shows that the time of meniscus formation is much less thals are unavailable, a quantitative analysis is hindered.

TABLE 1
Results of the Liquid Uptake Experiments
Equilibrium Bosanquet
Surface Capillary height, velocity, Observed
Viscosity,n Density, p tension, radius, Leap = 2COSH x UBosanquet= velocity
Liquid (mPa-s) (kg/rd) y (mN/m) (10°8m) Kinetics y/pgr (mm) Ccapd (cm/s) (cmis)
Silicone oif 0.5 x 10° 980 21.1 421 Lucas—Washburn 10.4 31 =
Ethanof 1.17 780 216 689 Bosanquet-like 8.1 28 #1
EthanoP 1.17 780 21.6 242 Bosanquet-like 23.2(24.2) 47.8(48.8) 155
Ether 0.3 710 16.6 689 Oscillations observed 7.1 26 23
Mixture® 0.77 955 57 2500 Bosanquet-like 4.8 2 3
Waterd 1 998 71.8 133 Bosanquet-like 110 104 30
Waterd 1 998 71.8 298 Bosanquet-like 49 69 47
Waterd 1 998 71.8 420.5 Bosanquet-like 35 58 39
Waterd 1 998 71.8 595.5 Bosanquet-like 24.6 49 35
WaterP 1 998 71.8 242 Bosanquet-like 60 77 434
WaterP 1 998 71.8 285 Bosanquet-like 51 71 420

aQuere (1)p = 0°.

bLeGrand and Rense (1%),= 0°.

CSelletal.(19),6 = 10°.

d Jeje (17)p = 0°, vertical and horizontal orientation of capillaries.

€Since in (15) and (17) the physical properties of water and ethanol used were not reported, we took the standard values at room temperatureh&he ¢
parentheses correspond to the measured values.
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Qualitatively similar results were obtained by Setlal. in the moment of meniscus formation ar)when the developed
1984 (19) and Sell and Maisch in 1986 (20). The authors traciow pattern has been settled. The intermediate regime of flow
the liquid column movement and the meniscus shape in ntile pore entrance cannot be described within the inviscid flui
crogravity experiments. A mixture of cyclohexane and carb@pproximation. In the first case, the physical picture is akin t
tetrachloride in softened water was used. The liquid rise in gla® sudden detachment of a rigid disk from the liquid surface
tubes was filmed at 200 frames/s. The menisci observed in sp&pecifically, while the disk takes up some velocity, the liquic
deviated from the hemispherical shape and were less stable timate container is still motionless due to its inertia (34). In the
those observed on Earth. The authors argued that hydrodynasgcond case, for applicability of the inviscid fluid approxima:
forces cause the meniscus shape deformation. tion, the meniscus has to travel some distance from the capilla

A number of experiments were performed in capillaries ahd to avoid the problems of meniscus/capillary edge hydrod
various shapes, including unduloidal, cone-like, and sinusoidamic interactions. Most likely, the experimentalists observe
channels. Several researchers used glass capillaries of diffee second case, because the cameras used were unable to
ent sizes to study the dynamics of capillary rise by strobadl the events from the uptake beginning. If so, the Jeje obse
scopic photography (time intervals of 10 and Y20 s (15)) vation (17) of a tendency for the initial velocities to be close tc
and by high-speed camera (500-2000 images per second (1¥);Bosanquet value [4] can be explained by sufficiently wid
200 images per second (1, 6)). capillaries employed. Indeed, as the capillary radius increase

Quere (1) reported instructive results on capillary rise dfie contribution of the viscous forces to the force balance dt
various wetting fluids. For high-viscosity fluids such as siliereases compared with the inertial forces. In fact, the Bosanqt
cone oil, the height of the liquid column followed the Lucasand SNC regimes are characterized by a well-developed cc
Washburn kineticsX ~ 4/t) at short time intervals (with the flow with a thin lubricating viscous boundary layer. This flow
resolution~1 image per 0.4 s) and, when approachiag, pattern is seemingly kindred to that existing at Borda’s moutf
the column height relaxed exponentially with the charactgpiece (34). Assuming that the camera traced the events shift
istic relaxation timer, = 16y cosd/(o?g?r3). Almost invis- from the uptake onset, one may ignore the effect of the aj
cid fluids such as ethanol and ether showed a different kinparent mass to get a rough estimate of the initial velocity. |
ics. In particular, within the initial time interval up to 20 mssuch a case the Bosanquet value gives a reasonable upper
when the ethanol column traveled about 3 mm, the relation kewnate for the initial velocity in accord with the experimental
tween the column height and time was linear. Remarkable teend.
sults were obtained as the liquid viscosity decreased so that th&rom this brief review of the available experimental data we
time of viscous reaction became smaller than the characteristamclude that neither of the models proposed earlier can descr
time of liquid uptake. This condition ensures the applicabilitg finite initial velocity of uptake and oscillating relaxation of the
of the inviscid fluid approximation. The time of viscous readliquid front at the equilibrium position. Both these phenomena
tion can be estimated by setting the corresponding Reynolisre prominent for low-viscosity fluids, are related to the cou
number to the order of unity;re = pr2/8n. In other words, pling of the inside and outside flow patterns. Below, we propos
it is assumed that within this time interval both terms in tha generalized model of uptake dynamics in the inviscid flui
LHS of Eqg. [2] are of the same order of magnitude. Omiapproximation and elucidate a general form of the equation
ting the outside flow effects, the characteristic time of liquidapillary rise and rebound.
uptake can be roughly assessedr@ganquet= £cap/ UBosanquet
In terms of viscosity, the condition of validity of the inviscid
fluid approximationsre >> Teosanquet IS given by the constraint 3. DERIVATION OF THE BASIC MODEL
n < go¥?r%2(2y cosh)~Y2/8. In this case, Quere observed FOR A SINGLE CAPILLARY
power descending oscillations,o 1/t, of the liquid column
near the equilibrium position, instead of the exponential relax- Consider a capillary immersed vertically into a container fillec
ation. A reasonable explanation of the oscillation regime wadth an incompressible liquid (Fig. 1). The flow is described by
given recently in (6). However, as we show below (see Sectithe Euler equation
5), the oscillations of an inviscid fluid are largely affected by the
outside flow patterns.

As seen in Table 1, the initial velocity of liquid uptake is fi-
nite, in contradiction with the SNC model, but does not follow
the Bosanquet law [4]. The measured velocity is systematically
lower than the Bosanquet value [4] and depends on the physiagiereu is the fluid velocity andr is the stress tensor. In or-
chemical properties of the liquid as well as on the experimentgr to derive the equation of the meniscus motion, let’s inte
conditions. However, the tendency toward the Bosanquet velagate theX-component of Eq. [6] over the volumé occupied
ity [4] can be revealed from the Quere experiments (1) on ethgy the fluid. The volumé/ is limited by the container walls and
and from the Jeje data (17) also. It is worth noting that the SNfie moving surfaces: the meniscus in the capillary and the fre
approach can be applied eith€) &t the immediate vicinity of surface of the bulk liquid outside the capillary. These surface

au
- _V. 6
’Oat 7, (6]
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the free surfaces:
AT TTTTTTTTTTTTTTTTTT " Ux |atthe meniscus= X,
X UX|atthefreesurfaceoutsidethecapillaﬁ L [10]
4 ~Ar/pg : o .
Accounting for the assumed uniformity of the pressure distr
M bution over the free surfaces, the surface integral [8] is reduct
"/1 \\\_ tO
0 L —?gnimde:—f(nprrpuxundS—pgnxX)dS
/PR BRI SRS s 5
X
= - p(L)(Soottom - S:apillary) - p(X)S:apiIIary
- pLZ(S)ottom - S:apillary) - PXZS:apiIIary
— P9 L(Srottom — &apillary) - PgXSapillary
—/
+ [ p-nas [11]
SJDt‘[Om
v where—{ istheX-coordinate of the container bottom. Assuming
S, om —b that the container is much larger than the immersed part of tl

capillary, the flow can be considered localized at the capillar
entrance. Therewith, the pressure field outside the immedic
vicinity of the capillary entrance is hydrostatic, and we can s
for the pressure at the container bott@{-¢) = Patmospherict

are moving in opposite directions. The integration gives rY(L + £). Making use of the incompressibility condition

FIG. 1. Schematic of capillary rise experiment.

p/ B:_tx 4V — — / iy dV. [7] L = (Vo — (X + £)Seapillary) / (Svottom — Seapillary) [12]
v v whereV, is the initial fluid volume, and applying the Laplace
equation forthe pressure difference across the meniscus, Eq. [
The RHS can be transformed into the surface integral can be simplified to
2y cosf .
- / Vimix dV = — % nimixdS 8l - f nimix dS= 4 S:apillary - PXZ&apillary[l + Scapillary/
\% S S

S — Sapillary)] — PI(X + £) Seapil
wheren is the external normal to the surface, &id the surface (Soottom wpily)] o Yeapilery

of the fluid boundary. Restricting ourselves to the case of inviscid X [1 + Zapiliary/ (Spottom — Sapillary)]
fluids, we can write the components of the stress tensor as (34) + pgVoSeapitary/ (Svotiom — Seapilary)- [13]
Tik = 8ik P + pUilk + pgXdix  I,k=X,y,Z  [9] Consider now the LHS of Eq. [7]. Following the above assumg

tions, it is convenient to rewrite the time derivative as

Up to this point, we have used the basic hydrodynamic equa-
tions. No spec?f!c featu_rgs of the prqcess have been utilized. 3& dVv = pi / UxdV — pLZ(S)ottom_ Seapilany)
Based on specific conditions of experiments, the customary as- ot dt
sumptions allow us to simplify the calculations (30). It is worth
noting that, in general', thg free surface outsid'e the capillary is _ pXZS:apiuary ~p S:apillaryg[xx]
not absolutely flat, but is slightly bent at the capillary wall. How- dt
ever, if the container size is much larger than the characteristic i d / Uy dV — pX2Suan,
length of a capillary wave,/y/pg, the contribution of this re- dt X p7 Zeapillary
gion into the surface integral [8] is negligible. Therefore, we Veontainer
can use the following kinematic conditions for the velocity at x [1 4+ Seapillary/ (Soottom — Sapitiary)].  [14]

\Y
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Comparing Egs. [13] and [14], we arrive at the basic equatioof radiusr (34). Using the solution to this problem (34), we

get
d_ . d
PS:apiIIarya[XX] + P 3t / ux dv ap.
Veontainer Freaction= _yxs:apillary
= —pgQapillanlL + Sapiliary/ (Svottom — Sapillary) (X — Xo),

[15] Thus, we arrive at the SNC equation [5] with the apparer

MassoeCr Sapillary = 401 Scapitiary/ (37). In other words, the fluid
volume involved in such a motion is of the order of the volume
where of the sphere with the radius equal to the capillary radius. Cor
sidering another limiting case of a developed sink-type flow, th

Xo = [Vo/(Spottom — Seapillary) + Lcapl / authors of (30) obtained another estimate; 7/6. Both these
[1 + Stapitary/(Sotom — Seapitary)] — €. [16] results are expected from a dimensional analysis. Indee

the only length scale associated with the source type flow is tt
capillary radius. Therefore, the apparent mass cannot depend

As seen, Eq. [16] cannot be reduced to the Bosanquet forma% ther scale.

the ratioSapiliary/ (Svottom — Seapillary) diminishes. We need also to

put ( = Vo/(Svottom — Sapitlary)- Even in such a limit, the equa- .
tion contains an extra term, which is determined by the ﬂo\iF\!/ecwculatory Flows
pattern outside the capillary inlet. This term can be treated as al'he outside flow patterns during the outward front flow may
reaction force of the outside fluid be significantly different from the sink/source flow patterns (se
(35, 36) for reviews). Zauner (35) observed two typical flow
o g Uy dV [17] schemes. If the Reynolds number is large (in the Zauner expe

reaction= £y = ments on glycerol jets Re: 2Vrp/(1+/6) = 30, whereV is the
Veontainer volumetric mean velocity obtained from the flow-rate measure
ments), the flow pattern is akin to that of the source flow. Ir
or the “net rate at which positive momentum flows in” the caphis case, one can expect the apparent mass of the same ol
illary (30). (See also (31-33) for historical review of variousf magnitude as that for the sink-flow pattern. As the Reynold
approaches to treatment of systems with variable mass.)  number decreases (below 10 in the Zauner experiments on gly
erol jets), a toroidal eddy is observed (Fig. 2b). As explaine
4. EEFECT OF THE ELOW PATTERN ON THE by Schneider, this CompleX flow is caused by the fluid viscos
REACTION EORCE ity (see review (36) and references therein). To see what kir
of modifications of the SNC equation might be expected, let u
As discussed by Queret al. (6), the dynamics of upward simplify the picture. First, integration of th¥-velocity com-

and downward front motion are different. First, let us show thgonent over the regions containing the viscous toroidal edc
distinguishing features of the upward and downward motioAnd the wakes behind it gives rise to a negligibly small term. |

restricting ourselves to potential flows= V. other words, we can assume that the fluid particles are stirr
immediately after they reach these regions. The particles most
Sink/Source Flow Patterns drift in the planes of the fluid table but not transversally. Thus

. ) ) ) the major contribution to the reaction force comes from the re

In upward motion, the outside flow looks like a sink ﬂO\ggci'on of the jet branching (Fig. 2c). Entering the motionless fluid
(Fig. 2a) or the flow at Borda's mouthpiece: the fluid underneafe jet disperses to form an umbrella-like shell. The shell shay
the pore entrance is involved in the upward motion without edhanges along with the variation of the jet discharge. Treatin
dies (if the capillary edges are suitably designed (1, 34)). Duegigs jet flow within the inviscid approximation and accounting for

the assumption that the fluid at the container bottom is motiogle ahove simplifications, the reaction force can be represent
less, the potential diminishes there, so that- 0, X — —£. g9

The reaction force Eq. [17] can be written as q
pa / uxdV = pygunuxd8=p/unuxd8

d d
Freaction= —p& f (p(l_) dSsS— pa / (p(O) ds [18] Vietregion Sets qg‘
S- Stapillaw &apillary
—p/unux ds [19]
As an illustration, we may consider the case of an impacting Set

capillary, L = 0. Mathematically, this problem is equivalent to
determining the irrotational flow due to an impact of a rigid disklere Se; is the whole jet surface consisting of the up@q
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a |
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c Jet velocity Stagnant
] zone
G-vU )

W i

Fluid surface
A

u

A

FIG. 2. Characteristic features of the flows at the capillary entrance: (a) Sink-type flow pattern, (b) Recirculatory flow. (c) The model of a jet pene
stagnant zone steadily. In the frame moving with the penetration veldgitile umbrella-like contours are fixed. (d) A limiting case of jet penetration when tf
fluid surface keeps its planar unperturbed configuration.

and lowerS,, umbrella surfaces. In thin-layer approximationye can apply Bernoulli's theorem to the axial streamG—
both umbrella sides look like equidistant surfaces; thereforecisely, to the pointsA and C. Disregarding the pressure
the RHS of Eq. [19] can be calculated to give difference from the hydraulic thrust, we get{ U)?> = U2 or
U = x/2(37).
Thus, modeled as a stagnant zone, the eddies confine the fl
p / Unlx dS—p / Unlx dS~ _p&apuz’ [20] flow into a jet bounded by free surfaces. The fluid behind the
Sh Set head is motionless. At each instant of time it can be imagine
as a curvilinear rigid wall. The jet flow at the branching point
whereU is the velocity of the jet branching poift in Fig. 2c, looks like that observed when a jet impinges upon a curviline
which can be called the jet penetration velocity (37, 38). Thmvern. Invading the motionless fluid, the jet undergoes a flu
latter differs from the velocity of meniscus, but is of the sameeaction referred as aricochet effect. Thus, the recirculatory flo
order of magnitude. Indeed, assuming the process to be stealyesponsible for the additional reaction force.



108 KORNEV AND NEIMARK

The presence of the fluid surface could affect the curvature@€neralized Equation of the Liquid Front Motion
theje_t streamlines, and, therefpr_e, could alterthe jet prqpagatloréummarizing the results, we conclude that in the limit of
velocity as well. Hence, the anticipated form of the reaction force ™ © . . ;

) ) o négligible capillary radius,
in the recirculatory flow regime is

q S:apillary/(a)ottom— S:apillary) — 0, [22]
Freaction= — - / ux dV = xpSapitayX”.  [21]  the generalized equation of the front motion in the inviscid fluic
Vontainer approximation can be written as
, o d((x + cr)dx/dt)/dt — x(dx/dt)? = 2y cosf/pr — gx.
Bernoulli's Oscillations 23]

It is worth noting that the model recently suggested in (6)

to explain the observed oscillations of the liquid front impliel? Many cases the recirculatory flow does not devejop=(0),
Eq. [21] with x = 1. In our model, this is a limiting situation, @1d EQ. [23] reduces to the SNC equation [5] for an invisci
which corresponds to jet spreading over the fluid surface witfuid- Equation [23] describes the front motion at intermediats
out penetration underneath (Fig. 2d). In other words, the flURynolds numbers, witly = 0 for upward motion, and with
surface serves as a rigid reflecting substrate (34). As the fiGi@ 0. 0 < x = 1 for downward motion. _

particle reaches the capillary exit, the velocity vector imme- 1€ SNC equation can be justified by averaging the Eule
diately turns perpendicularly. Thug, = 1 is the upper limit equation assuming that _the flow at_the_caplllgry entrance is
corresponding to a maximal possible effect of the streamlilf@€ Sink/source kind. This assumption is applicable only if th
folding. Reynolds number is large enough. Unfortunately, the specif

The problem of column rebound in a capillary is equivaler‘r’tames of the admissible Reynolds numbers are .unavailablelf
to column fall in a tube due to gravity, which deserved spéhe case when the free fluid surf:?\ces are preser_ltln.the coqtalr
cial attention in the classical Bernoulli's “Hydraulics” datingVé can refer only to the experiments with fluids in confinec
back to 1738 (25). Bernoulli considered a columnar motion%i’PXes (34, 35). The rate at which the outward column carrie
which a pipe, full of a heavy inviscid fluid, is put in contacPut the momentum cannot be expressed in a umform_ form fc
with a pool of the same fluid. The pipe radius was assumedft§ Whole range of Reynolds numbers. Therefore, neither ph
be large relative to the capillary length, so that the capillary diomenological equations suggested in (27) nor equations fro
fects had been ignored. Neglecting the flow outside the pigé8) can be justified. For large Reynolds numbers we can u:
but assuming that “the particles of fluid flowing out fall withinth® SNC equation, while for the Reynolds numbers compatib
the ambient liquid immediately after discharge and then gffor the ncoche_t regimes of column fall, the column rise and fal
fuse from here,” Bernoulli showed that the motion of the fluiust be considered differently (6, 25). _
column upward differs from the downward motion. In the mod- !N the next section we present a detailed analysis of the SN
ern language, the energy dissipation due to viscosity has p&SKation for an mwsud fluid to reveal thg p.os'S|b|I|ty for getting
attributed to the change of kinetic energy, in accord with trfePetter description of the uptake data within its framework. Th
suggestion of Queret al. (6). The explanations of the capillaryosc'"at'ng regimes will be discussed briefly, only to enrich the
rise oscillations and the corresponding equations for the magheme offered in (6).
mal and minimal values of the column positions are similar to
those obtained by Bernoulli for gravity-driven flow in a pipe 5. ANALYSIS OF THE SNC MODEL
(25).

Below, we classify all possible regimes of the capillary uptak
Porous Membrane dynamics allowed by the SNC equation [5] for an inviscid

fluid, n = 0. Assume that the capillary just touches the free

_ Distinctfrom single capillaries, the outside flow patterns dugyface) = 0, and the capillary radius is much smaller than th
ing the capillary rise and rebound in a porous membrane gnainer cross-sectional area. Scaling the front position by tt
expected to be of the sink/source kind. Considering a POrOMSyilibrium capillary length,H = X/leap and the time by

membrane as a bundle of capillaries, one can be convinced Rt -haracteristic time. — Teap/9. T = t/7, We arrive at the
a well-developed recircular flow at each pore entrance is Uiinensionless equation

likely, because a system of jets coming to or emanating from

the pores makes the stream laminar. The characteristic length d((H 4+ «)dH/dT)/dT =1-H, [24]
associated with the outside flow is much greater than the pore

size. To support this idea, we recall that the problem of the oW¢herea = cr/fcap

side flow is akin to the problem of disc impact (34). But for the It is convenient to rewrite this equation as a dynamic systen
latter it is known (34) that the order of magnitude of the disc

apparent mass is that of a sphere with a radius comparable to the (H+a)dH/dT = 2, [25]
membrane size. dzZ/dT =1—H. [26]
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The fist line is merely the definition of the momentum of she solution to the algebraic equation

system with variable mass, and the second line expresses the 3 3 )
force balance. Hi(l—a)/2—HJ/3+aHs+a’/6+a/2=0. [29]

The separatrix is specified by the value®f= Cs = «3/6 +
«?/2. If C > Cs, we have two families of the streamlines that
The system [25] and [26] allows us to perform a completgtart/end at the vertical lind = —«. The streamlines of the first

analysis of the problem using the phase portrait method of cldgmily located to the right of the vertical lind = —« envelop
sical mechanics. In particular, one can be convinced that the ottig separatrix loop and intersect the aXis=0 at H > Hs,.
stationary point of this system i€§, Hs) =(0, 1). The verti- The streamlines of the second group located to the left of t
cal lineH = —a is a special line at which the velocidH/dT vertical lineH = —a have no physical meaning. They are going
changes sign. Moreover, in the point, (0x), the velocity is monotonically to/from minus infinityH — —oo. If C < Cs,
undetermined. Linearization of the system [24] and [25] in thee have another two families of the streamlines. Within thi
vicinity of the special points{s, Hsy) and (Q —a) showsthatthe separatrix loop there are the cyclic trajectories enveloping tf
first point is elliptic, while the second is hyperbolic. The elliptistationary point Zs;, Hsy). Inside the curved corner formed by
stationary point corresponds to the equilibrium position of the separatrix branches Ht < —«, the U-shaped streamlines
meniscusHs; = 1,dH/dT/p,, = 0.Inthe vicinity of the equi- can be imagined as produced by a vortex at the left infinity.
librium position the meniscus oscillates. Scanned in variables
(Z, H), the oscillations form elliptic streamlines. The physicdPhysical Meaning of the Solutions
meaning of the hyperbolic point is not so obvious.
Using the first integral,

General Properties of the Dynamic System [25] and [26]

Each trajectory including the separatrix corresponds to a pc
ticular solution of the equation [24] specified by given initial
5 conditions. Therewith, only those trajectories that intersect tt

dZ°/2=(H +a)(1 - H)dH, [27]  Z-axis and are located in the right half-plahe> 0 are phys-
ically meaningful as related to the problem of spontaneous u
one can parameterize all the streamlines of the dynamic systeike. Among them, the cyclic trajectory—which contains the
by the integration constaf as origin of coordinatesl = 0, Z = 0)—corresponds to the ze-
roth initial velocity as prescribed by the SNC approach. In th
Z2/2=H?*1—-a)/2—H3*/3+aH +C. [28] inviscid approximation considered here, the cyclic SNC trajec
tory corresponds to the oscillations of the liquid front aroun

Qualitatively different solutions of the dynamic system [25] ant'€ €quilibrium height with complete bounce back to the por
[26] are separated by theeparatrixwhich consists of the loop entrance. The others trajectories envelop the SNC trajectory a

and two branches emerging from the hyperbolic special pofff'T€SPond to nonzeroth initial velocitiesi/dT = Z/a > 0
(0, —a) (Fig. 3). The separatrix loop intersects the aXis- 0 atH = 0. According to these trajectories the liquid injected witt
at’H — _a (the hyperbolic special point) and Bt = Hs (the & nonzeroth velocity will pass the equilibrium height, achiev

most right point of the separatrix). The valueld§ is given by & maximum, rebound, and leave the capillary. This behavior
predicted for an ideal inviscid fluid. In real situations, even low

viscosity causes the transformation of the cyclic trajectories |

the phase portrait (Fig. 3) into the spiral trajectories reeling i
A the stationary poinH = Hg.. However, for any viscosity there
exists a value of the initial injection velocity above which the
complete rebound is possible.

/ Hinax The cyclic trajectories inside the SNC loop refer to anothe
physical experiment. Assume that the liquid frontinitially equili-

brated in the capillary 8l = Hg;is forced to retract by applyin

//A’R\ pillary st y applying

an external pressure. When the applied pressure is released,
liquid front returns back to the equilibrium height. Is this case

one would observe oscillations around the equilibrium.
\ The right pole of the SNC trajectory determines the maxime
height of the oscillating liquid columntl,y, that is given by
the first integral [28] aC = 0:

NN/
i
)

SNC 3
trajectory H2. — 5 Hra{l—a) =3¢ =0  or
FIG.3. Phase portraitof the dynamic system [24]-[25]. SNC is the Szekely— 3 9
Nelimann—Chuang solution. The symbblenote the stationary points of the Hmax = 4_1(1 _ oe) + | ﬂi(l _ a)2 + 3. [30]
system.
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Remarkably, the dimensional maximal heightax is always a =100
smaller than the doubled capillary lengtl.2. As the dimen- H a=5

sionless apparent maggends to zero, the maximal height ap-
proaches &;p/2 as shown in (1), and only when the apparent

mass tends to infinity the maximal height asymptotically reaches

2(cap The latter case can be attributed to a porous membrane 1.5
for which the characteristic length scale for outside flow is as-

sociated with the thickness of the fluid penetration.

Energy Considerations 1]

parently is lost. Indeed, if one derives the equation of motion
by applying the hypothesis of energy conservation, the resulting 0.5]
equation will differ from Eq. [25]. In the limiting case — O, / =05
the solution givesHnmax = 2 instead of 32 (6). This puzzle is U U ‘
typical for all problems in which the mass of the system does

vary (31-34, 39). In fact, the energyof moving liquid column 0 10 20 30 40 -
can be expressed as a sum of the kinetic en@érgyd the po-

tential energyE, F = T + E. Using the first integral [28], this FIG.5. Thedimensionless column height as a function of the dimensionles
sum can be evaluated to give time for various dimensionless apparent masses.

The authors of (6) posed a question of why the energy ap >\

72
F=T4+E= _Z + }HZ —H= EEH; [31] expressed by Egs. [30]. The period of oscillations for the SN

2(H+a) 2 - 6H+a solution can be found by direct integration of [28] assuming

Itis apparent that the energy is lower than the initial potenti% = 0. The latter allows us to extract two limiting asymptotes
. ! . -~ " Asthe apparent mass tends to zero, we get the périeds (1),
energy attributed tél = 0 (Fig. 4). The energy loss in an invis- PP 9 P (1)

. 7 . . and in the opposite case, , we haveT . InFig. 5,
cidfluid is not an artifact of the theory. Itis merelyaconsequengj : PROos! — oo W veT o '9

o ) e SNC solution is plotted for various dimensionless appare
ofthe mass variability in this particular system. In the whole flui asses P bp

filling the capillary and container, energy is conserved (see or summary, the SNC solution describes the spontaneous
details some discussions of open and closed mechanical SyStngquid front ,from X — 010X = £.- H. and backward re
- — Lcap! Imax -

in (31-33)). As seen f_rqm Eq. [31], thg front will move ur.1till thebound tox = 0. Affected by the apparent mass, the maxima
energy reaches its minima. The condition for energy m|n|ma|1|seight varies in the range'a < Hmax < 2 as the dimensionless

apparent mass increases from zero to infinity.

F It should be noted that the cycles in the phase plane a
transformed into spirals if we account for the fluid viscosity. Ir
0.21 other words, the periodic oscillations are damped. Though ¢
analysis of the viscosity effects lies beyond the scope of th
paper, in Fig. 6 we plot sample curves, which typify the dynam
0.17 ics of fluid uptake for various regimes. The viscosity paramete
Q = 8trosanquef TRe Characterizes the effect of fluid viscosity as
discussed in Section 2. The condition for front oscillations ca
be found from the SNC equation [5] linearized about the equi
librium solutionH = 1+ ¢, ¢ « 1. Written in a dimensionless
form, the criterion for the oscillation regime relates the vis-
cosity parametef2 and the apparent maaesas < 2(1+ «).
Thus, the effect of apparent mass extends the range of viscos
admissible for oscillations (6). Within this range, the fluid uptake
is mostly controlled by the inertial and capillary forces. As
seen from typical Fig. 6, the inviscid fluid approximation works
quite well within almost the whole time interval of the first rise.

0.5 1 L5 H 2 23 3 3.5 The Bosanquet Solution
FIG. 4. The energy as a function of the front position for various dimen- AS discussed above, the inviscid approximation [24] describe
sionless apparent masses. the initial stage of liquid penetration until the viscosity effects
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a Q=05 However, although the trajectories enveloping the loop of se|
aratrix retain their nonsingular topological shapecatends
to zero, the corresponding solutions alter their behavior sif
nificantly. Each of these solutions is characterized by a finit
nonzeroth momenturd = HdH/dT =C #0 atT =0. As
seen from Eq. [28], when = 0 andH — 0, the liquid front
advances asl ~ T2, implyingdH/dT — oo, but this “diffu-
sion” kinetics is physically different from the LW regime. This
regime is caused by an intricate momentum balance at the init
instant of liquid penetration. The momentuth= HdH/dT
cannot be set to zero, rather it depends on the dynamics of
fluid pattern development outside the pore at the moment of tl
first liquid—solid contact. This effect is seemingly kindred tc
the rocket jet effect. Indeed, although there is no visible move
ment at the moment of start, the jet impulse forces the rock
to take off. Thus, in general, one has to set a nonzeroth m
memtumZ = C # 0 at T = 0 as an initial condition for the
0=22 Bosanquet equation [3]. Since the viscous forces on the ir
0.6 tial stage of penetration are dominated by the inertial ones, t
same arguments regarding the effect of a nonzeroth initial m
0.47 / mentum are applicable in a general situation of viscous flui
uptake.

0.2 Consider the singular solution corresponding to the loop ¢
separatrix, for which the initial momentum is zeid,= 0 at

, B T = 0. This trajectory is the Bosanquet solution. Indeed, usin
0 5 o—1 15 20 the first integral [28] withC = Cs = «3/6 + /2 in the limit

T of vanishinge,

S °
v

) limU, = lim dH/dT ixH=
0.4 Pt el /AT |separatrixH=0

1
-0.6] Q=05 = lim “Vad/3+a?2 =1, [32]
a—>0

FIG. 6. The effect of fluid viscosity. (a) The dimensionless column heigivve arrive in the dimensional variables at the Bosanquet chare
as a function of the dimensionless time for varigus(b) The dimensionless

velocity of front propagation as a function of the dimensionless time. The &ensulc_ Veloc'tyUBosanqueF dX/dF|X,t=0 = Ecapg- Thus, the

mensionless apparent massis- 0.1. The upper border for existence of fronttransition from the general equation [24] to the Bosanquet equ

oscillations corresponds @ = 2.2. tion in not analytical. Although small, the term associated witl
a gives rise to a singular perturbation of the solution and i

o responsible for the initial kinetics of uptake.
become comparable to the inertial ones. Thus, the phase portrait

in Fig. 1 shows that for any initial injection velocity there ex- . .
ists a solution. The zeroth initial velocity assumed in the SN%echamcal Analogies

approach is not exceptional. It is interesting to analyze how theThere is a very helpful mechanical analog of the Bosanqu
proposed analysis is related to the Bosanquet approach, whicbblem that allows us to look at the problem from another poir
implies a finite universal initial velocity. To make this compariof view (31-33, 39). Consider an ideally flexible uniform heavy
son, one must let — 0. However, the transition to this limit is chain initially coiled at the table. If it is pulled up by a constan

not straightforward. force numerically equal to our wetting force, the motion of its
Decreasing the magnitude of to zero, one arrives at thehead end can be found by integrating Eq. [24] with= 0. At
situation when the lindd = —« merges with the lineH = 0. each time new links are attached to the bottom enthblastic

Therewith, the origin of coordinates is transformed into the hghocksaused by impulse# y cost dt. The change of momen-
perbolic special point and the loop of separatrix replaces them of the end elemeuiixdue to this shock iSrszBosanquedX.
cyclic SNC trajectory. The cyclic trajectories inside the loop dEquating both increments, we arrive at the Bosanquet veloci
separatrix refer to the oscillations around the equilibrium arithe energy in such a motionis not conserved, buta partislostd
are qualitatively similar to the cyclic trajectories inside the SN@® the shocks. The effect is apparent if we consider the inver:
trajectory for nonzerothy’s. motion, when the chain is falling down. For this process we hax
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the Meshcherskii equation of motion (32, 33, 39, 40) inwhich thef the adhesion effect is as follows. When a liquid—gas intel
reaction of the substrate has to be included into the force balaf@ee approaches a solid surface, it inevitably enters the regit
X 0?x/dt? = Freaction— (dXx/dt)? 4+ 2y cosd/pr — xg. The re- of action of intermolecular forces. For a van der Waals fluid, th
action force can be found by considering the momentum balarsmgid—liquid intermolecular interactions become dominant whe
at the chain end as aboV€¢aciondt = (dx/dt) dx. Therefore, the gap width narrows to aboutidm. Once this distance is ap-

we have the equation proached, the solid surface pulls up the liquid—gas interface
form a bridge. Further, the bridge spreads over the solid and tl
x d?x/dt? = 2y cosd/pr — xg, [33] liquid invades the pore space. That s, even under the conditio

of an initially flat undisturbed liquid surface and a vanishing rel

which is exactly the equation suggested in (6). As mentioned kative velocity of the liquid—solid approach, the adhesion effec
fore, the same equation was introduced by Bernoulli to descrig@es rise to a nonzeroth rate of the initial liquid invasion. A
the fall of a fluid column in a pipe (25). solution of the bridging problem would provide a startup im-
Although useful, the analogy with the chain motion canngiulse of the invading liquid, which should be accounted for ir
be extended directly onto the hydrodynamic problem withotie initial conditions to the SNC equation. The hydrodynamit
a thorough hydrodynamic justification. In the general case opaoblem of bridging is akin to the classical problem of the im-
nonzerothy, the initial velocity is expressed via the Bosanqugiact of a body on a free surface of liquid (34). Another problen
value and a prefactar = /2C/«? as beyond the scope of the paper concerns the meniscus forn
tion. To be consistent, we have to assume that the time of tl

- — 2 meniscus formation is much smaller than the hydrodynamic tim

A%/dtho = Ullosanquer= / 2Lcar C/ar 134] T = ,/{cap/9. The problem of the first approach and the problen

Thus, the solution characterized By= a2/2 gives the initial of meniscus formation are interconnected and their solution

velocity equal to the Bosanquet value.Qf > «?/2, the ini- highly desirable.

: o ) ... Insummary, we conclude that the generalized equation of u
tial velocity is greater than the Bosanquet value; otherwise it is I C .
smaller take in the inviscid approximation [23] allows one to conside

a variety of regimes of spontaneous liquid penetration chara

terized by different initial velocities. There are two groups of

6. DISCUSSION AND CONCLUSIONS solutions: One corresponds to the liquid rebound. The other d
scribes the periodic regimes characterized by the liquid fror
scjllations around the equilibrium position. The inviscid ap-
(iimation is suitable for analyses of the initial stage of uptak

The above analysis allows us to look at the discrepancy
tween the Bosanquet—Szekely—-Neumann—Chuang theories

. : . - the deterioration of liquid oscillations. The developed metho
to be of the order of unity). In so doing, the initial velocit d P

Y h f licability of th ional theorie:
is specified by the integration constabt Eq. [34]. In the ex- extends the area of applicability of the conventional theorie

h ts (Table 1) with the li B tlike Kineti thsuch as the Bosanquet and Szekely—Neumann—Chuang mod
perimen S.(_"?‘ € )V\." € linear bosanquet-iike KINCUCS, Wgion are restricted to the assumption that the fluid invades tt
observed initial velocity was smaller than the Bosanquet val

: . ore with a vanishing impulse. The initial conditions of liquid
Hence, the correspo_ndlng spluuons of theZSNC Eq. [24] Bnetration are affected by the outside hydrodynamic effects a
f:haracterlzed by.the integration const@nk «“/2. The exper-- th? solid—liquid adhesion interactions.
imental observation, however, cannot be proved on the basis 0
the mathematical model in Eqgs. [25] and [26]. The model under
consideration does not impose any restriction on the range of
admissible initial velocities. We thank I. Tyomkin for numerous illuminating discussions, D. Quere for
Although justified for applications at the length scales mucifaluable comments on the initial version of this paper, and G. K. Mikhailov fol
greater than the pore size, the SNC approach requires an s&eging_us references to the classical works on the mechanics of the_ Syste
curate formulation of the initial conditions. The initial veloc-‘é"(')trh gg;:?;eems;s:s' The work was supported by a group of TRI/Princetc
ity of liquid penetration is determined by the conditions of the P '
liquid—solid contact. It depends on the process prehistory and REFERENCES
the specifics of adhesion interactions. While the hydrodynamic
factor associated with a particular fluid flow pattern outside the. Quere, D.Europhys. Lett39,533 (1997).
pore space is intuitively understandable (liquid can be deliv2. Siebold, A., Walliser, A., Nardin, M., Oppliger, M., and Schultz, J.,
ered to the pore entrance with different velocities), the adhesion J: Colloid Interface Scil86,60 (1997). _
. . . 3. Ugarte, D., Stockli, T., Bonard, J. M., Chatelain, A., and de Heer, W. A.
fz_ictor is not so ok_JV|ous_ and r_las not yet received a proper con- , ) oo 457,101 (1998).
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