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Optimal and feasible operation of process plants demands accurate knowledge of the effect of
parameter uncertainty on process design and operation. There has been considerable effort
toward accurate representation of the feasible operation range, and different metrics have been
proposed in the literature to quantify the operational flexibility. While these methods are largely
successful in addressing convex problems, their applicability becomes restricted for general
nonconvex problems. The feasibility analysis technique proposed in this paper considers the
feasible region as an object and applies surface reconstruction ideas to capture and define the
shape of the object. The procedure starts by first sampling the feasible region to have a
representation of the feasible space and then constructing an R shape with the sampled points,
thus generating a polygonal representation of the feasible parameter space. Finally, any point
can be checked for its feasibility by applying the point-in-polygon algorithm. This method is
general and can be applied to any convex, nonconvex, or even disjoint problems without any
further modifications.

1. Introduction

Uncertainties in chemical plants appear because of a
variety of reasons. These reasons may be internal, such
as fluctuations of the values of reaction constants and
physical properties, or external, such as the quality and
the flow rates of feed streams. The need to account for
uncertainty in various stages of plant operations has
been identified as one of the most important problems
in chemical plant design and operations.1-3

There are two main problems associated with the
consideration of uncertainty in the decision making: the
quantification of feasibility and flexibility of a process
design and the incorporation of the uncertainty within
the decision stage. The quantification of process feasi-
bility is most commonly addressed by utilizing the
feasibility function introduced by Swaney and Gross-
mann that requires constraint satisfaction over a speci-
fied uncertainty space, whereas the flexibility evaluation
is associated with a quantitative measure of the feasible
space. Halemane and Grossmann4 proposed a feasibility
measure for a given design based on the worst points
for feasible operation, which can be mathematically
formulated as a max-min-max optimization problem:

where T is the feasible space of θ described as T ) {θ|θL

e θ e θU}, where θL and θU are the lower and upper
bounds, respectively.

The general formulation for quantifying flexibility,
known as the flexibility index problem, can be defined
as the determination of the maximum deviation, ∆, that
a given design, d, can tolerate, such that every point θ
in the uncertain parameter space (T(δ)) is feasible.5 A
well-studied choice is the hyper-rectangle representation
δ, T(δ) ) {θ|θN - δ∆θ- e θ e θN + δ∆θ+}, where ∆θ+

and ∆θ- are the expected deviations of the uncertain
parameters in the positive and negative directions and
δ is the deviation along a specified direction. Other
descriptions of T(δ), such as the parametric hyper-
ellipsoid, have also been investigated.6

The flexibility index can be determined from the
formulation proposed by Swaney and Grossmann1 as

One approach toward determination of the flexibility
index is by vertex enumeration, in which the maximum
displacement is computed along each vertex direction.
This scheme is based on the assumption that the critical
points, θc, lie at the vertexes of T(∆c), which holds only
under certain convexity conditions. Other existing ap-
proaches to quantify flexibility involve (1) deterministic
measures such as the resilience index, RI, proposed by
Saboo et al.7 and (2) stochastic measures such as the
design reliability proposed by Kubic and Stein8 and the
stochastic flexibility index proposed by Pistikopoulos
and Mazzuchi9 and Straub and Grossmann.10 Recently,
Ierapetritou and co-workers11 introduced a new ap-
proach to quantify process feasibility based on the
description of the feasible region by an approximation
of the convex hull. Their approach results in an accurate
representation of process feasibility. However, it also
relies on the utilization of a process model and specific
convexity assumptions.

This approach has been further extended in the
present work to capture the detailed shape of the
feasible region by utilizing the ideas of shape recon-
struction used in the field of computer graphics. The
main problem definition for surface reconstruction is to,
given a set of range points, reconstruct a manifold that
closely approximates the surface of the original model.
Range data is a set of discrete points in three-
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dimensional space which have been sampled from the
physical environment or can be obtained using laser
scanners which generate data points on the surface of
an object. The problem naturally arises in a variety of
practical situations such as range scanning an object
from multiple viewpoints, recovery of biological shapes
from two-dimensional slices, interactive surface sketch-
ing, and so forth. Surface reconstruction finds extensive
applications in the areas of automatic mesh generation
and geometric modeling and molecular structure and
protein folding analysis.

The problem of feasibility analysis is analogous to the
ideas of surface reconstruction, since the main effort of
feasibility analysis lies in identifying and accurately
estimating the boundary of the feasible region. In the
previous approaches this boundary is approximated by
linear inequalities, either by incorporating a hyper-
rectangle1 or by describing an approximation of the
convex hull11 inside the feasible space. These methods
can have satisfactory performance in the case of convex,
connected feasible regions but will be inaccurate for the
cases of nonconvex or disjoint feasible regions. On the
other hand, the surface reconstruction scheme can
successfully describe both nonconvex and disjoint re-
gions by defining the bounding surface as piecewise
linear functions.

1.1. Motivating Example. To illustrate the short-
comings of the existing feasibility analysis approaches
and the necessity for an efficient and accurate approach,
a simple example has been considered in this section.
The feasible region is defined by the following sets of
convex and nonconvex constraints:

where θ1 and θ2 are the uncertain parameters in the
range -10 e θ1 e 10 and -15 e θ2 e 15. The nominal
point is (-4, -5) as illustrated in Figure 1a. To define
the feasible region using the concept of flexibility index,
one has to move from the nominal point toward the four
vertexes until the constraint is violated. The scaled
parameter deviations, δ, obtained for the four vertexes
are 0.41, 0.37, 0.25, and 0.44. The rectangle constructed
by using the minimum of these values (δmin ) 0.25)

defines the predicted feasible region, as shown in
Figure 1a. An improvement over the construction of a
rectangle, or a hyper-rectangle in higher dimensions,
is to describe the feasible region by the convex hull of
the evaluated boundary points. As illustrated in Figure
1b, the convex hull approximation can capture the
feasible region better than the rectangle, and the
performance of the convex hull approach can be im-
proved further by including more boundary points in
the construction of the hull. Another advantage of this
approach is that it overcomes the dependence on the
nominal point, which is a strong limitation of the
flexibility index approach. If the nominal point is located
close to one of the constraints or is on the constraint,
then the flexibility index approach will fail, since the
minimum parameter deviation (δmin) will be either a
very small value or 0. The convex hull approach
overcomes this limitation since it considers all the
boundary points and not the minimum deviation from
the nominal value. However, the convex hull approach
is limited in its application to only convex and 1-D quasi-
convex feasible regions, and its performance deteriorates
in the presence of nonconvex constraints. To illustrate
this, an additional nonconvex constraint is introduced
in the previous example, given by

Figure 2 illustrates the new feasible region obtained by
the introduction of this constraint. The boundary points
can be evaluated as before; three of the boundary points
remain the same as before, and one becomes restricted

Figure 1. Feasibility analysis using (a) a flexibility index and (b) a convex hull.

f1 ) θ2 - 2θ1 - 15 e 0 (3)

f2 )
θ1

2

2
+ 4θ1 - 5 - θ2 e 0 (4)

f3 ) θ2(6 + θ1) - 80 e 0 (5)

Figure 2. Performance of the convex hull approach in the
presence of a nonconvex constraint.

f4 ) 10 -
(θ1 - 4)2

5
- 2θ2

2 e 0 (6)
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by the new nonconvex constraint. When the convex hull
is constructed with these boundary points, it is found
to enclose a portion of the region rendered infeasible
by the new constraint. Addition of any number of
boundary points will not prevent the overprediction of
the feasible region defined by the convex hull.

The presented example clearly demonstrates the need
for a more efficient feasibility analysis scheme which
can accurately capture the feasible region even in the
presence of nonconvex constraints.

As described in the Introduction, the present work
proposes a feasibility analysis scheme based on surface
reconstruction ideas, in particular, the R-shape meth-
odology for surface reconstruction. The paper is orga-
nized by first giving a description of the R-shape
methodology for surface reconstruction. Section 3 gives
a detailed description of the application of the R-shape
approach for the feasibility problem followed by some
representative case studies in section 4.

2. r-Shape Approach

There are various approaches described in the litera-
ture for determining the shape of a pattern class from
sampled points. Many of these approaches are concerned
with the efficient construction of convex hulls for a set
of points in the plane. Jarvis12 was one of the first to
consider the problem of computing the shape as a
generalization of the convex hull of a planar point set.
He presented several algorithms based on nearest
neighbors that compute the shape of a finite point set.
Akl and Toussaint13 proposed a way of constructing a
convex hull by identifying and ordering the extreme
points of a point set, and the convex hull serves to
characterize the shape of such a set. Fairfield14 has put
forward a notion of the shape of a planar set based on
the closest point Voronoi diagram of the set. Different
graph structures that serve similar purposes are the
Gabriel graph,15 the relative-neighborhood graph,16 and
their parametrized version, the â skeleton.17

A mathematically rigorous definition of a shape was
later introduced by Edelsbrunner et al.18 They proposed
a natural generalization of the convex hulls which is
referred to as R hulls. The R hull of a point set is based
on the notion of generalized disks in the plane. The
family of R hulls includes the smallest enclosing circle,
the set itself, and an essentially continuous set of
enclosing regions between these two extremes.

Edelsbrunner et al.18 also define a combinatorial
variant of the R hull called the R shape of a planar set,
which can be viewed as the boundary of the R hull with
curved edges replaced by straight edges. Conceptually,
R shapes are a generalization of the convex hull of a
point set P, with R varying from 0 to ∞. The R shape of
P is a polytope that is neither necessarily convex nor
connected. For R ) ∞, the R shape is identical to the
convex hull of P. However, as R decreases, the R shape
shrinks by gradually developing cavities. When R be-
comes small enough, the polytope disappears and re-
duces to the data set itself.

To provide an intuitive notion of the concept, Edels-
brunner18 describes the space R3 to be filled with
Styrofoam and the point set P to be made up of a more
solid material, such as rock. Now, if a spherical eraser
with radius R curves out the Styrofoam at all positions
where it does not enclose any of the sprinkled rocks (the
point set P), the resulting object formed will be called
an R hull. The surface of the object can be straightened

by substituting straight edges for the circular ones and
triangles for the spherical caps. The obtained object is
the R shape of P. It is a polytope in a fairly general
sense: it can be concave and even disconnected, it can
contain two-dimensional patches of triangles and one-
dimensional strings of edges, and its components can
be as small as single points. The parameter R controls
the degree of details captured by the R shape.

It is possible to generalize all the concepts involved
in the construction of an R shape (i.e. R hulls, R
complexes, Delaunay triangulation, and Voronoi dia-
grams) to a finite set of points P in Rd, for an arbitrary
dimension d. This generalization, combined with an
extension to weighted points, is developed by Edels-
brunner.19 However, the implementation details of the
problem become progressively more complex with in-
creasing d, and the worst-case complexity of the problem
grows exponentially.

2.1. Selection of r. The computed R shape of a given
set of sample points explicitly depends on the chosen
value of R, which controls the level of detail of the
constructed surface. Mandal et al.20 present a systematic
methodology for selecting the value of R in R2. They
visualize the problem of obtaining the shape of P as a
set estimation problem where an unknown set A is to
be estimated on the basis of a finite number of points
X1, X2, ..., Xn ∈A. As n increases, P(n) will cover many
parts of A and, hence, the value of R for P(n) should
depend on the sample size (n); thus, R is a function of
n. Additionally, R should also be a function of the
interpoint distance of the sampled n points of P(n). To
account for the dependence on interpoint distance, the
authors have constructed the minimum spanning tree
(MST) of the sampled data points. If ln represents the
sum of edge weights of the MST, where the edge weight
is taken to be the Euclidean distance between the
points, then the appropriate value of R for the construc-
tion of the R shape is given by

where n is the total number of sample points.
To illustrate the performance of an R shape in

capturing the shape of an object, a disjoint, nonconvex
object is chosen, as illustrated in Figure 3. The sampled
points represent a 2-D object, which is the input to the
R-shape construction code. The R shape identifies from
the input data set points which lie on the boundary of
the object. These points are joined by a line to describe
the surface of the object. The above figure also il-
lustrates the dependence of the captured shape on the
chosen value of R. The R value estimated by performing
the minimum spanning tree operation is 120, at which
value the R shape was found to capture the nonconvex
as well as the disjoint nature of the object (Figure 3a).
By further increasing the value of R, the performance
of the R shape deteriorates, as illustrated in Figure 3b,
and at a very high R value the R shape forms a convex
hull of the object (Figure 3c). Hence, the level of detail
captured by the R shape strongly depends on the chosen
value of R, and progressively decreasing the value of R
will capture the shape more accurately. For the case of
uniform sampling, where the distance between the
sampled points is uniform, the predicted shape is not
very sensitive to the value of R for lower R values.
However, extreme reduction of the value of R will result

hn ) xln

n
(7)
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in the original data set and will fail to capture any
shape.

In the case of random sampling, when the interpoint
distance is not constant, the predicted shape is more
sensitive to the lower R values. For lower values of R,
the predicted shape shows holes scooped out from within
the samples which are not actually present but are an
artifice of sampling. Such an example is illustrated in
Figure 4 for the same object described by a set of random
samples. The shape produced by an R value of 6 has an
accurate outside boundary, but holes were inserted
unnecessarily inside the body. A higher value of R ) 7,
however, eliminated the holes. For progressively lower
R values, the holes continue increasing; finally, for an
extremely low R value, the R shape degenerates to the
original data set without capturing any shape.

3. Feasibility Analysis Using r Shape

The overall aim of a feasibility analysis is the deter-
mination of the range of parameters over which a

particular process is feasible. A formal definition of this
problem is to obtain a mathematical description of the
region in parameter space bounded by the process
constraints. This region can be considered analogous to
an object, the shape or surface of which can be estimated
using the R-shape technique. The input to any surface
reconstruction algorithm needs to be a set of points
representing the object, whose surface needs to be
determined. Hence, the first step is the generation of
good sample data points to represent the feasible region
under consideration. The R shape can then be con-
structed for the sampled data, using the R estimate
obtained from the minimum spanning tree of the data
set. The R shape essentially identifies points from the
input data set that lie on the surface of the object. These
points are then connected by a line in two dimensions
and a triangle in three dimensions, giving rise to a
polygon enclosing the feasible region. Figure 5 il-
lustrates the above-mentioned steps.

Having defined the surface or shape of the feasible
region, the next step involves the determination of
whether a particular point belongs to the feasible region.
Since the feasible region has been approximated by a
polygon, a simple way to check if a point is inside the
polygon is by using one of the point-in-polygon tests.21

One method to determine whether a point is inside a
region is the ray tracing algorithm, which states that a
point is inside a polygon if, for any semi-infinite ray from
this point, there is an odd number of intersections of
the ray with the polygon’s edges (Figure 6). Conversely,
a point is outside a polygon if the ray intersects the
polygon’s edges an even number of times or does not
intersect at all. Following this, whenever a parameter
needs to be checked for feasibility in a polygon-estimated
feasible region, a semi-infinite ray is drawn from the
point in any direction and the number of intersections
is noted, which determines whether the point is feasible
or not.

3.1. Sampling Technique. Obtaining a good repre-
sentation of the feasible region is the first and very

Figure 3. Performance of the R shape for different R values: (a)
120; (b) 200; (c) 100 000.

Figure 4. Performance of the R shape with random points.

Figure 5. Algorithm of feasibility analysis using R-shape meth-
odology.
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important step in the R-shape technique of feasibility
analysis. In many problems, typically, the feasible
region covers only a very restricted region of the entire
parameter space. Hence, sampling techniques covering
the entire range of the uncertain parameters prove to
be inefficient, particularly when evaluation of the
process constraints is an expensive operation. Most of
the common sampling techniques sample the parameter
space based on the distribution of the uncertain param-
eters, which are considered to be uniform for the cases
considered here for simplicity of presentation. Under
this condition, it will lead to uniform sampling of the
entire parameter space, irrespective of whether the
sampled points are feasible or not. A new sampling
technique is, thus, introduced here, which takes advan-
tage of the fact that, typically, a small section of the
entire parameter space is feasible. The sampling prob-
lem is formulated as an optimization problem and is
solved using genetic algorithm (GA). The use of GA as
a solution procedure proves to be very efficient for this
problem since the search scheme has the inherent
property of concentrating around regions having good
solutions, which is the feasible solution for the problem
addressed here.

The purpose of the sampling step is to have a good
approximation of the feasible space by the minimum
evaluation of the expensive feasibility function. The
formulation of the sampling problem as an optimization
problem is given by

where Vfeas is the volume of the feasible region, evalu-
ated by constructing the R shape using the sampled
feasible points. The optimization variables are the
parameter values θ, which are sampled by GA to
optimize the objective, and f1, f2, and fn are the con-
straints of the feasibility problem evaluated at θ.
However, in this formulation there is no optimal value
of the variable θ which will maximize the volume; we
are interested in the entire sampled set of feasible θ
values, which we use to evaluate the volume by con-
structing an R shape over the entire set of feasible θ
values. Since the objective is to maximize the volume
of the feasible space, whenever a chosen value of θ
satisfies the constraint functions, the volume is evalu-

ated to update the objective function. When the value
is not feasible, there is no need to reevaluate the volume
since it will not change, but the fitness function is
penalized by assigning it a small value. Solving this
problem using GA reduces the required number of
function evaluations by minimizing the unnecessary
evaluation of infeasible parameter space. To solve the
optimization problem by GA, the optimization variables
are encoded as a string of bits, and these strings are
appended together to form a chromosome. The solution
procedure starts by generating a population of solutions,
where each individual in the population has a particular
chromosome value which can be decoded to evaluate the
parameter values and the objective function, also called
the fitness function. As shown by DeJong,22 large
population sizes exhibit slower convergence than small
population sizes, but they tend to converge to a better
solution. In the interest of balancing execution time and
optimality, the population size is chosen to be of the
order of the chromosome size, as suggested by Edwards
et al.23

The populations are evolved through several genera-
tions, following rules such as reproduction, crossover,
and mutation, until the objective function cannot be
improved any further. The primary objective of the
reproduction operator is to emphasize good solutions
and eliminate bad solutions in a population. This is
achieved by first identifying above-average solutions in
a population, making multiple copies of the good solu-
tions, and eliminating bad solutions from the population
in order to accommodate multiple copies of the good
solution. Some common methods for achieving this
include tournament selection, proportionate selection,
ranking selection, and so forth.24 In all the examples
presented in this work, tournament selection was
chosen to be the reproduction operator. While reproduc-
tion can make more copies of the good solution and
eliminate the bad solutions, it cannot create a new
solution. The crossover operator is applied next to take
care of that, where two strings are picked randomly
from the mating pool and some portions of the strings
are swapped between themselves to create two new
strings. If the new strings created by a crossover are
good, there will be more copies of them generated by
the reproduction operator in the next mating pool.
Otherwise, if the new strings are not good, they will not
survive beyond the next generation, since reproduction
will eliminate them. A uniform crossover between
randomly selected pairs is used for this work.

The parameters chosen for GA operations largely
govern the computational time as well as the quality of
the solution. If the selection operator emphasizes too
much on the population’s best solution by assigning
many copies of it, then the population loses its diversity
very quickly. The crossover and mutation operators
should be strong enough to retain the diversity of the
solution and to create solutions fairly different from the
parent solution. In the absence of this, the simulation
can converge to a suboptimal solution. On the other
hand, if the reproduction operator is weak and the
crossover operator very strong, the GA’s search proce-
dure behaves like a random search process. The GA
parameters chosen for all the examples presented here
are pcrossover ) 0.5 and a small mutation probability
pmutation ) 0.02.

Figure 6. Point-in-polygon test: an odd number of intersections
means the point is inside; an even number of intersections means
the point is outside.

nchromosome < npopulation < 2nchromosome (9)

max
θ

Vfeas

subject to f1(θ) e 0

f2(θ) e 0

l

fn(θ) e 0 (8)
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The working principle of GA is that, by application
of its three operators, the number of strings with
similarities at certain string positions have been in-
creased from the initial population to the new popula-
tion. These similarities, referred to as schema in GA
literature, represent a set of strings with similarity at
certain string positions. Thus the schema can be thought
of as representing certain regions in the search space
or specific ranges of the parameter value. Hence, by
having more copies of a schema with a better function
value, one can reach the optimal solution without
searching the entire variable space but rather by
manipulating only a few instances of the search space.

This feature of GA is of particular importance for the
present problem since only a limited region of the
variable space is feasible, and exploring the entire
variable space to have an idea of the feasible region
becomes computationally expensive. As mentioned above,
the working principle of GA is based on generating
multiple numbers of the good solutions. Hence, evaluat-
ing the volume for each of the feasible parameter values
(θ) will reduce the efficiency of the procedure because
of the repetition of the solution. To avoid this, a memory
of the sampled parameter value is maintained and
updated. For every generated chromosome in the popu-
lation of the GA simulation, the stored parameter values
are searched to check for uniqueness of the new solu-
tion. If the new solution is unique, then the con-
straints are evaluated; otherwise, it is updated from the
memory.

4. Case Studies

The idea of using surface reconstruction for the
estimation of the feasible region is illustrated by a few
case studies.

4.1. Motivation Example Revisited. The example
considered in section 1.1 is revisited here, following the
proposed feasibility analysis approach. Figure 1 il-
lustrates the actual nature of the feasible region bounded
by the inequalities (eqs 3-6). To estimate this region
using the technique of R shape described before, first
one needs to generate points representing the shape of
the region by sampling the feasible space. The technique
described in section 3.1 is used to sample the feasible
space. Following this scheme, the optimization problem
for sampling is given by

Both of the uncertain parameters are considered to vary
within the range of -20 to 20. To solve the problem
using genetic algorithm, the parameters θ1 and θ2 are
encoded as bits, with 7 bits for each parameter, giving
rise to a 14 bit chromosome. A population size of 20 is
chosen for this problem following the guideline of
Edwards et al.23 Figure 7 illustrates the convergence of

the optimal solution with an increasing number of
generations. Chromosome evolution through 1 000 gen-
erations will require a total of 20 000 function calls,
which gives rise to 938 feasible points as illustrated in
Figure 8. However, a large number of these function
calls are for the same value of the parameters and are
not unique. Hence, by keeping a memory of the param-
eter values and their corresponding solutions, it is
possible to avoid the repeating function evaluations and,
hence, increase the efficiency of the code by evaluating
the constraints only for unique parameter values. By
following this procedure, it was observed that out of
40 000 required function calls, only 3064 were unique.
Hence, this procedure could generate 938 feasible points
by 3064 function evaluations. The same problem was
solved by drawing random samples in the range of -20
to 20 for both uncertain parameters, as illustrated in
Figure 8b. To generate 950 feasible points using a
random search required 9830 function calls. This clearly
shows the advantage of the proposed approach of
sampling the feasible space.

max
θ1,θ2

Vfeas

θ2 - 2θ1 - 15 e 0

θ1
2

2
+ 4θ1 - 5 - θ2 e 0

10 -
(θ1 - 4)2

5
-

θ2
2

0.5
e 0

θ2(6 + θ1) - 80 e 0 (10)

Figure 7. Variation of the optimal solution with generations.

Figure 8. Sampling of the feasible space using (a) a genetic
algorithm and (b) random samples.
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The volume of the feasible region is calculated by
generating an R shape of the sampled points, which
identifies the points forming the boundaries of the
object, which are then joined by a straight line as
illustrated by Figure 11. The value of R plays a crucial
role in determining the degree of details captured
by the R shape. The R value determined by the pro-
cedure outlined in section 2.1 for the 938 sampled
points is 25, which was found to capture the non-
convex nature of the object with adequate accuracy, as
illustrated in Figure 11a. However, if the value of R
is increased, the R-shape prediction tends to lose its
accuracy, and Figure 11b illustrates the perform-
ance of the R shape at a much higher value of R )
1000. At this value, it failed to capture the nonconvex
nature of the shape. With further increase in the value
of R, the R shape reproduces the convex hull of the point
set.

An alternative formulation for generating the sampled
data set is given by

where Θfeas represents a feasible sample point and the

objective is to maximize the total number of sampled
feasible points. This formulation is computationally less
demanding since it does not require the volume evalu-
ation of the feasible region at every step. However, it
suffers from the disadvantage of a lack of a convergence
criterion as illustrated in Figure 9. To overcome this
problem, a hybrid of these two formulations (eqs 10 and
11), where the main algorithm is evolved according to
the formulation in eq 11, is used and the volume is
evaluated only at intermediate points to check for
convergence of the simulation. The overall procedure is
illustrated in Figure 10.

4.2. Process Operation Example. This example
represents the flow sheet shown in Figure 12, consisting
of a reactor and a heat exchanger25 where a first-order
exothermic reaction A f B is taking place. The existing
design has a reactor volume (V) of 4.6 m3 and a heat
exchanger area (A) of 12 m2. Two uncertain parameters
are considered, the feed flow rate, F0, and the activation
energy, E/R. The mathematical model of this process is
given by

Figure 9. Variation of the optimal solution with generations,
using the formulation in eq 11.

Figure 10. Modified algorithm for sampling of the feasible
region.

max
θ1,θ2

∑Θfeas

θ2 - 2θ1 - 15 e 0

θ1
2

2
+ 4θ1 - 5 - θ2 e 0

10 -
(θ1 - 4)2

5
-

θ2
2

0.5
e 0

θ2(6 + θ1) - 80 e 0 (11)

Figure 11. Performance of the R shape in predicting the feasible
space using different R values: (a) R ) 25; (b) R ) 1000.

Figure 12. Reactor-cooler example.
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The range of uncertain parameters E/R and F0 over
which the design remains feasible is illustrated in
Figure 13. The aim is to have a description of the range
of the parameters E/R and F0 over which the operation
remains feasible. Following the proposed approach for
feasibility analysis, the feasible space is first sampled
by solving the problem at different values of the
parameters and a representation of the feasible region
is obtained. In the next step, these sampled points are
analyzed by R-shape methodology to identify points
lying on the boundary of the feasible region. These
identified surface points are joined by straight lines to
obtain a polygonal estimation of the feasible region.
Figure 13 compares the actual feasible region with that
of a shape estimation obtained with 400 sample points,
which was found to perform with great accuracy. To
understand the effect of sample density on the perfor-
mance of the R-shape procedure, the feasible region
evaluation was performed with lower numbers of sample
points, 100 and 25, as illustrated in Figure 14. The
R-shape prediction was found to underpredict the fea-
sible region since the sampling density was inadequate
in capturing the entire region. However, there was
no overprediction of the nonconvex feasible region.
Figure 14b also compares the performance of the convex
hull with that of the R shape, where it is observed that,
even though the sampling density was very low, the R
shape still captured the nonconvex nature of the feasible
region. The convex hull is constructed by performing line
searches toward the vertexes of uncertain space to locate
points on the boundary of the feasible region. The
convex hull covers a larger percentage of the feasible
region compared to the R shape for the case of sparse
sampling, but it overpredicts the feasible region over

the nonconvex constraint. The performance of the R
shape is directly dependent on the information captured
by the sampling of the feasible space. However, it is
important to know that, in the absence of sufficient
information, the R shape will have poor prediction of
the feasible space but it will not lead to erroneous
results.

4.3. Range of Validity of the Reduced Kinetic
Model. The last example comes from the area of
reactive flows, in particular, combustion simulation. In
the numerical simulation of combustion, it is often
required to represent the detailed reaction models by
simplified models. Because of this simplification, the

F0(cA0 - cA1)/cA0 ) Vk0 exp(-E/RT)cA1

(-∆H)F0(cA0 - cA1)/cA0 ) F0Cp(T1 - T0) + QHE

QHE ) F1Cp(T1 - T2)

QHE ) FwCpw(Tw2 - Tw1)

QHE ) AU∆Tln

∆Tln )
(T1 - Tw2) - (T2 - Tw1)

ln(T1 - Tw2)/(T2 - Tw1)

Vd g V

(cA0 - cA1)/cA0 g 0.9

311 e T1 e 389

T1 - T2 g 0.0

Tw2 - Tw1 g 0.0

T1 - Tw2 g 11.1

T2 - Tw1 g 11.1

T0 ) 333 K, Tw1 ) 300 K, U ) 1635 kJ/(m2 h K)

Cp ) 167.4 kJ/kmol, cA0 ) 32.04 kmol/m3,
-∆H ) 23260 kJ/kmol

Figure 13. Performance of the R shape in predicting the feasible
space of the reactor-cooler example.

Figure 14. Effect of sampling density on the performance of the
R-shape prediction: (a) 100 points; (b) 25 points.
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reduced model loses its generality and remains valid
over a limited range of conditions of species concentra-
tion and temperature. Identification of the feasible
region of a reduced model and its accurate quantification
is a crucial step in the reactive flow simulations.

Figure 15 represents a typical feasible region of a
reduced CH4 mechanism consisting of 17 species and
59 reactions, where the detailed model consists of 53
species and 325 reactions. The nominal point of reduc-
tion for this problem is O2 ) 0.005 mass fraction, CH4
) 0.38 mass fraction, and T ) 950 K. As illustrated in
Figure 15, the feasible region can be highly nonconvex,
even disjoint, for which cases the conventional tech-
niques are not efficient. The problem is solved using the
convex hull approach, where the boundary points are
identified by moving in different directions from the
nominal point. Figure 16 illustrates the feasible region
predicted by the convex hull. The reduced mechanism
is feasible in two disjoint regions, a small region at low
O2 concentration and a considerable portion toward the
higher O2 concentration. However, the nominal point
lies in the low O2 region, hence restricting the convex
hull estimate within this small portion and preventing
it from providing any estimate of the major range of
feasible operation. Figure 15 is generated by performing
a grid search over the variable space, where at each
point one needs to determine the deviation of the
reduced model from the detailed mechanism due to the
change in the conditions of species concentration and
temperature. This evaluation is an expensive operation,
and performing a grid search over the entire variable
space is not feasible. The sampling technique described

in section 3.1 is used to have a representation of the
feasible space. The three variables, O2 mass fraction,
CH4 mass fraction, and temperature, are coded using 5
bits for each parameter, giving rise to a 15 bit chromo-
some. The GA simulation is run with a population size
of 20, evolved through 250 generations, which will
require 5000 function evaluations. However, due to the
retained memory of the previous calls, the number of
function evaluations was reduced to 1809, of which 778
points were determined to be feasible. The generation
of this feasible region using GA requires approximately
25 h, whereas using random sampling to generate 778
feasible points requires 70 h.

Figure 17 illustrates the sampled feasible region as
compared to the actual feasible region obtained by the
grid search. An R shape is then constructed with this
sampled data set. In three-dimensional space, the R
shape identifies points on the boundary of the object,
which are joined in a triangle to form the surface of the
object. Having obtained the surface of the feasible
region, the next step is determination of whether a point
lies inside the feasible region, which can be done using
the point-in-polygon test. Using this procedure, the
predicted feasible region is constructed, as illustrated
in Figure 18. The R-shape procedure is found to capture
71% of the actual feasible space, which can still be
improved by generating more sample points by allowing
the GA simulation of the sampling step to evolve for
more generations. This is a large improvement over the
convex hull approach, which covers only 3% of the
overall feasible space, mainly because of the disjoint
nature of the feasible space. Moreover, as illustrated in
Figure 16, the convex hull approach also overestimates

Figure 15. Feasible region of a reduced model of the GRI-3.0
mechanism involving 17 species and 59 reactions.

Figure 16. Predicted feasible region of the reduced model
obtained by the convex hull approach.

Figure 17. Sampled feasible region of a reduced model of the
GRI-3.0 mechanism.

Figure 18. Predicted feasible region of a reduced model.
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the feasible region, which is a consequence of the
nonconvexity of the feasible space. Since an R shape can
accurately capture the nonconvexity of the shape, it
results in no overprediction.

5. Discussion

The problem of evaluation of the feasible range of
process operation is addressed in this paper using
surface reconstruction ideas. The problem definition is
to evaluate and quantify the uncertain parameter range
over which a process retains its feasibility. In the
present approach, the feasible region is viewed as an
object, with process constraints defining the boundary
of the object. The surface reconstruction ideas are used
to define the shape of the object. The procedure starts
by first sampling the feasible region to obtain a repre-
sentation of the feasible space. An R shape is then
constructed of the sampled points, which identifies
points forming the boundary of the object. These points
are joined to have a polygonal representation of the
feasible region. Finally, determination of whether a
point is feasible or not can be done by a point-in-polygon
check. Examples are presented to illustrate the perfor-
mance of the proposed scheme in nonconvex and even
disjoint problems.

The application of the proposed technique in higher
dimensions becomes computationally challenging. One
way of dealing with this issue is by reducing the
dimensionality of the problem. The ideas of principal
component analysis26 can be utilized to map the original
uncertainty space to the reduced dimensional space of
important eigen directions. The R-shape ideas can then
be applied in the reduced space and the feasibility
information mapped back to the original uncertain
space. These ideas are currently being explored by the
authors.
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