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Abstract

Detailed simulation of reactive flow systems using complex kinetic mechanisms consisting of hund
species is a computationally demanding task. In practice, to alleviate the computational complexity, the
flow models use a skeletal kinetic model instead of the detailed mechanism. However, the reduced c
models can accurately predict the detailed model only over a limited range of conditions. Since the react
simulation encounters a broad range of conditions, using a single reduced model throughout the simulati
porates inaccuracy into the predictive capacity of the flow model. In this paper, an adaptive scheme is pr
which aims at developing different reduced models to address the changing conditions of the flow sim
thereby maintaining high accuracy throughout the simulation with relatively simple chemistry models. A n
proach is developed for the analysis of the range of validity of the reduced model, which is highly noncon
which the conventional techniques do not perform well. Finally, a procedure to implement the adaptive ch
in different flow simulations is presented.
 2005 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction

Over the past couple of decades detailed kin
networks have been developed to model combus
processes. Although kinetic simulation comprisi
hundred of species and thousand of reactions is n
constraint in homogeneous systems, detailed sim
tion of complex reacting flow systems having stro
coupling of heat and mass transfer is still compu
tionally prohibitive. The stiffness of the embedded
netics often makes the integration of chemical sou
terms the most expensive step. In practice, to all
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ate the computational complexity, the reacting fl
models use a skeletal kinetic model instead of
detailed mechanism. There has been considerabl
fort toward reduced representation of detailed kine
mechanisms to alleviate the computational worklo
a detailed review of which can be obtained in To
lin et al. [1]. Most of the techniques are based on
concept of timescale separation.

The first such technique is the quasi-steady s
approximation (QSSA)[2], which involves setting
certain species in steady state and certain reac
in partial equilibrium. QSSA is a relatively simp
technique to apply, although it involves considera
chemist’s intuitionto know which species to set i
steady state and which reactions in partial equi
rium. Tools have been developed to aid this proc
[3], but they still require a set of appropriate mod
e. Published by Elsevier Inc. All rights reserved.
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problems in which to examine the rates. Hence
method has still not been fully automated, and is
sentially a hand-powered analytical technique. C
[4] developed an interactive computer assisted red
tion mechanism code (CARM) for the automatic ge
eration of reduced models, based on the QSS assu
tion. It has been used in different problems and fou
to have a broad range of applicability[5,6].

Frenklach[7] suggested thesolution mappingap-
proach, where the model responses are express
simple algebraic functions (usually polynomials)
terms of the model variables. These algebraic fu
tions, calledresponse surfaces, are obtained by carry
ing out several thousand computer simulations us
the complete kinetic model. If the fitted function h
fewer variables than that of the original mechanism
reduced-dimension model is produced.

A more recent effort toward automation of mec
anism reduction has resulted in the intrinsic lo
dimensional manifold (ILDM) and computation
singular perturbation (CSP)[8] methods. They offe
considerable advantages over QSSA but are sig
icantly more complicated to implement. The ILD
method[9] explicitly computes the low-dimensiona
manifolds on which the slow chemistry evolves
the reaction state space, and then tabulates the
puted results in a lookup table for later use in reac
flow code. The CSP method uses a transformatio
the system basis vectors to automatically compute
optimum steady state and partial equilibrium relatio
ship. Unlike ILDM, it gives rise to an explicit reduce
mechanism, thus providing better understanding
the rate-limiting chemistry.

An alternative to mechanism reduction is the
situ adaptive tabulation (ISAT) technique propos
by Pope[10]. The basic idea behind ISAT is to inte
grate the chemical source term and store the reac
mapping and sensitivity information in a binary tr
data structure for later use. For subsequent calc
tions, for points within a small distance of the pr
viously tabulated points, direct integration is avoid
by estimating the reaction mapping using multiline
interpolation. Any reaction mapping that cannot
interpolated with sufficient accuracy is generated
direct integration and stored in a table.

Another suggested approach toward automa
of the mechanism reduction is the mathemat
programming-based approach[11–13], the basic idea
of which is followed in the present work. This a
proach is based on determining the reactions that
be excluded from the detailed mechanism while s
retaining desired accuracy in the prediction of
profiles of certain important species. This approa
renders great flexibility in the generation of the
duced model, which can overcome the shortcomi
of the previous methods. Following this approach i
s

possible to generate reduced models with specific
defined property and accuracy, which gives the fl
ibility to generate different reduced models to se
different purposes. Also it gives an estimate of
error due to the use of the reduced model.

For most of the existing reduction schemes m
tioned before, the simplified kinetic model represe
the chemical activity tolerably well in a limited re
gion of the flow field and is not accurate over t
entire temperature/composition space of interest
the absence of detailed study of the range of valid
of reduced model, the CFD simulation uses the sa
reduced model over the entire range of conditio
thereby incorporating significant error in the sim
lation. Moreover, in many burner simulations the
are large areas of relatively little or no chemical a
tivity and small regions of intense chemical reactio
Schwer et al.[14] presented a burner simulation u
ing three reduced sets of nonreactive chemistry m
els and a single reduced reactive chemistry mo
along with the detailed methane combustion mo
Accurate prediction of the flow simulation was o
tained by using the nonreactive models for consid
able regions of the simulation. Hence, when a sin
chemistry model is used for such simulation, the re
tion equations are unnecessarily integrated even in
nonreactive zones[14]. To overcome these problem
an adaptive chemistry approach has been propos
this work where different chemical behavior of t
reactive flow simulations is represented by differ
reduced models, thereby maintaining sufficient ac
racy with significantly reduced models. Though th
work concentrates only on combustion systems,
proposed method is general and can be applied to
reacting system.

The paper is organized as follows, Section2
presents a methodology for generation of the redu
mechanism, followed by a feasibility analysis of t
reduced mechanism presented in Section3. Section4
is a detailed development of the adaptive chemi
scheme and Section5 deals with the integration o
the proposed adaptive scheme with the flow simu
tion. A summary of the overall approach and detai
discussion of the areas requiring further attention
presented in Section6.

2. Mechanism reduction

Over the past couple of decades there has b
considerable effort toward development of suita
technique for reduction of complex kinetic mech
nism to enable detailed simulation of reactive flo
models. The main challenge of this effort is in the d
velopment of a completely automated procedure
the generation of reduced models, which mainta
the required accuracy and can be easily incorpor
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in the CFD codes. The mathematical programm
based approach was found to meet these req
ments, and has the additional advantage of gen
ing reduced models tailored to desired mechan
characteristics. A detailed description of the formu
tion of mechanism reduction problem and the solut
technique is presented in this section.

2.1. Formulation of mechanism reduction

The reduction technique adopted in this work f
lows the main idea of the mathematical progra
ming approach proposed by Androulakis[11]. This
approach assumes that the detailed kinetic netw
is known with considerable accuracy, and it aims
eliminating species and reactions that are of low
importance in determining the profiles of the desi
species. Hence the objective is to retain the minim
number of species and reactions in the reduced mo
while the constraint is to predict the profiles of t
important species with desired accuracy. For a ty
cal combustion system, the number of reactions
exceeds the total number of species. For exam
methane combustion following the GRI-3.0 mec
anism involves 53 species and 325 reactions[15].
Since the dimension of the problem directly relates
the number of involved variables, which is the nu
ber of species for species reduction and numbe
reactions for reaction reduction, the efficiency of
solution procedure can be increased by first star
with a lower number of variables. Hence the first s
is the reduction of total number species of the syst
the formulation of which as an optimization proble
for an isobaric batch reactor is given by

(1)min
λ∈ΛNs

Ns∑
k=1

λk

subject toχ � δ,

(2)

χ =
(∑

k∈κ

tF∫
tI

(
yreduced
k

(t) − yfull
k

(t)

yfull
k

(t)

)2
dt

+
tF∫

tI

(
T reduced
k

(t) − T full
k

(t)

T full
k

(t)

)2
dt

)1/2

,

(3)
dyk(t)

dt
= RkMk

ρ
, k = 1, . . . ,Ns,

(4)
dT

dt
= −

Ns∑
k=1

RkMkhk

ρCp

,

(5)Rk =
Nr∑(

Ns∏
〈λk〉i

)(
νr
ki

− ν
f
ki

)
qi ,
i=1 s=1
(6)qi = Kfi

Ns∏
k=1

X
ν

f
ki

k
− Kri

Ns∏
k=1

X
νr
ki

k
,

Kfi
= Kfi

T bi e
−Efi

/RT
,

(7)Kri = Kri T
bi e

−Eri
/RT

,

〈λk〉i =
{

λk if speciesk participates in reactioni,

0 otherwise,

where λk is a binary variable used to denote t
presence (λk = 1) or absence (λk = 0) of a partic-

ular species. The objective function
∑Ns

k=1 λk repre-
sents the total number of species in the reduced
which has to be minimized, subject to a specified
curacy (δ). The integral error measureχ , given by
Eq. (2), defines the approximation error of the traje
tories of the key observable quantities for the int
val of interest. In the above formulation,yk denotes
the mass fraction, whereasXk represents the mola
concentration of speciesk used in the calculation o
the reaction rates. Equations(3) and (4)represent the
material and energy balances for the reactor mo
whereRk is the net rate of production of speciesk;
Mk is the molecular weight of speciesk; ρ denotes
the mixture density, which is a function of compo
tion and temperature.Rk is evaluated from the knowl
edge of intrinsic ratesqi of individual reactions and
stoichiometry, as given by Eq.(5). For combustion
systems,qi is described by the power law expre
sion of mass-action kinetics, as given by Eq.(6). The
temperature dependence of the specific reaction
constant is given by the Arrhenius law (Eq.(7)).

Solution of the above problem will give rise to
reduced model having a smaller number of spe
than the detailed model. In the process of spe
reduction, the number of reactions is also indirec
reduced. When a particular species is taken out of
system by assigning the correspondingλs to 0, all the
reactions in which that species participates are
removed from the system. Hence the resulting mo
will consist of a reduced number of species and
actions as compared to the original model. Furt
reduction can be achieved based on the fact tha
all the reactions in which the important species par
ipates are equally important. Hence a second ste
reaction reduction is performed over the intermed
reduced model. The formulation of reaction reduct
is given by

min
λ∈Λ

N ′
R

N ′
R∑

i=1

λi

subject toχ � δ,
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where

χ =
(∑

k∈κ

tF∫
tI

(
yreduced
k

(t) − yfull
k

(t)

yfull
k

(t)

)2
dt

+
tF∫

tI

(
T reduced
k

(t) − T full
k

(t)

T full
k

(t)

)2
dt

)1/2

,

dyk(t)

dt
= RkMk

ρ
, k = 1, . . . ,Ns,

dT

dt
= −

Ns∑
k=1

RkMkhk

ρCp

,

(8)Rk =
N ′

r∑
i=1

λi

(
νr
ki

− ν
f
ki

)
qi,

whereλi is a binary variable corresponding to ea
reaction present in the species-reduced model(N ′

r ),
which determines if a reaction (i) is present in the net
work. If a particular reaction can be neglected, th
the correspondingλi = 0.

Formulation(1)–(7)of mechanism reduction co
responds to an integer nonlinear programming pr
lem that has been solved using genetic algorith
(GA), following the work of Edwards et al.[16].
GA [17,18] represent a class of search and optimi
tion procedures that are patterned after the biolog
process of natural selection and they lend themse
to solution of a wide range of optimization problem
When GA are applied to an optimization proble
each optimization variable is typically encoded a
string of bits, and these strings are appended toge
to form a chromosome. Each individual in a popu
tion has a particular chromosome value that can
decoded to evaluate the parameter values and o
tive function, also called the fitness function. Pop
lations are evolved through several generations u
the objective function cannot be improved any f
ther.

In the mathematical model(1)–(7) the optimiza-
tion variables are theNs binary variables associate
with the species, while in model(8) the variables
are theNr binary variables associated with the rea
tions. Hence parameterization for GA is straightf
ward since each binary variableλ becomes a bit in
the GA chromosome. For a particular combination
λ the reduced differential equation sets are integra
to evaluate the discrepancy function. Since GA can
explicitly handle nonlinear constraints of an optimiz
tion problem, there has been considerable rese
toward efficient constraint handling while using G
Most of the constraint handling methods are based
the concept of (exterior) penalty functions[18] that
penalize the infeasible solution and try to solve
unconstrained problem using a modified fitness fu
tion. The unconstrained optimization for problem(8)
can be formulated as

(9)min
λ∈Λ

N ′
R

N ′
R∑

r=1

λr + (
penalty× max{0, χ − δ}),

where the penalty term becomes zero when the c
straint is not violated (χ < δ), and it takes the valu
of a large positive quantity (penalty× (χ − δ)) oth-
erwise. Note that the penalty coefficient needs to
large enough to ensure that all the infeasible so
tions have a fitness value worse than any of the
sible solutions. Unlike classical search and optimi
tion methods, the GA approach begins its search w
a random set of solutions, instead of just one so
tion.

For the solution of problem(8), the first step of
the GA procedure involves the random generation
a large population of binary strings (reaction com
nations) where each member of the population r
resents a reduced reaction set. For each reduce
within the initial population the corresponding ODE
are integrated to evaluate the discrepancy func
and hence the fitness function, as given in Eq.(9). The
integration is performed using LSODE[19], while
the rate expressions and all the necessary therm
namic properties are evaluated using the CHEMK
III package[20]. The generated population of sol
tions are modified by the GA operators (reprod
tion, crossover, mutation) to create new and be
populations. This procedure is repeated until a p
defined termination criterion is satisfied. Followin
this procedure, mechanism reduction was perform
for methane combustion, with the detailed mechan
described by GRI-3.0 consisting of 53 species
325 reactions[15]. The GA simulation was performe
with a population size of 10, which was evolv
through 500 generations. The initial conditions un
which reduction was performed are O2 mass frac-
tion of 0.468255, CH4 mass fraction of 0.290531, an
temperature of 1208.64 K. The species reduction w
an allowable error of 0.01 resulted in a reduced
consisting of 21 species and 99 reactions.Fig. 1illus-
trates the performance of the reduced set in pred
ing the temperature and CH4 profiles. The predicted
temperature profile has 0.1% deviation from the
tailed model, while the CH4 profile was predicted
with 0.5% error. The reaction reduction is then p
formed over this reduced set with the same allowa
error, which resulted in the final reduced set cons
ing of 17 species and 29 reactions.Fig. 2 illustrates
the temperature and CH4 profiles predicted by this fi
nal reduced set. The average CPU time require
obtain the final reduced set is 7000 s.
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d

d

Fig. 1. Performance of species reduction in the prediction of (a) temperature and (b) CH4 profiles. The reduced model use
consists of 21 species, 99 reactions.

Fig. 2. Performance of reaction reduction in the prediction of (a) temperature and (b) CH4 profiles. The reduced model use
consists of 17 species, 29 reactions.
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2.2. Computational savings from mechanism
reduction

The computational savings achieved by the
duced kinetic model is due to lower function eva
ation and Jacobian evaluation costs. The cost of fu
tion evaluation may be expressed as sum of th
terms[21],

(10)CPUfe = CPUre + CPUse+ CPUte,

where CPUfe is the total CPU cost for a functio
evaluation of kinetic model, CPUre is the cost of eval-
uating the reaction rate vectorqi , CPUse is the cost
of multiplying the stoichiometric matrix(ν) by the
reaction rate vector, and CPUte represents all othe
costs including those for computing various therm
dynamic properties. As observed by Bhattacharje
al. [21], CPUse is a function of the sparsity of the sto
ichiometric matrix. While elimination of species fro
the kinetic model will directly reduce the total numb
of ODEs to be integrated, elimination of both spec
and reaction will reduce the nonzero entries of the
ichiometric matrix, as shown inTable 1. However, the
density of the matrix (nonzero entries/Ns × Nr ) in-
creases with reduction in the size of the mechani
Table 1compares the CPU requirement of differe
reduced models with the detailed GRI-3.0 meth
mechanism. It is observed that by reducing the kin
model to 29 species and 126 reactions from the o
inal size of 53 species and 325 reactions, the C
requirement can be reduced by almost 84%. For
cases of 22 species, 81 reactions, and 22 specie
reactions, the number of ODEs to be integrated
mains the same since the same number of speci
the same. Even then there is considerable reduc
of CPU requirement from 13.87 to 5.57 ms, which
attributed to reaction reduction, which reduces the
tries of the stoichiometric matrix.
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from the
Table 1
Computational savings by mechanism reduction

Size of mechanism Nonzero entries in
stoichiometric matrix

Matrix density CPUνiqi

(ms)
CPUcummulative
(ms)Nspecies Nreaction

53 325 1227 0.0712 129.21 190.3
29 126 461 0.126 15.87 29.57
22 81 291 0.163 6.07 13.87
22 35 131 0.17 2.11 5.57
20 30 112 0.187 1.3 3.9
20 22 84 0.191 0.54 1.83

Fig. 3. Performance of the reduced mechanism (a) under nominal conditions of reduction and (b) at conditions away
nominal.
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3. Range of validity of reduced mechanisms

A single reduced mechanism has the property
predicting the profiles of the observed species wit
a certain user-defined accuracy under the initial c
ditions of species concentration and temperatur
which the reduction was performed. If this sam
mechanism is integrated under vastly different c
ditions, there is no guarantee of the accuracy of p
diction of the reduced model. This is illustrated
Fig. 3, where in plot (a) the integration was pe
formed under the same conditions at which the
duction was performed, namely O2 mass fraction=
0.468255, CH4 mass fraction= 0.290531 andT =
1208.64 K, whereas in plot (b) the integration w
performed under different conditions of O2 mass
fraction= 1.28092× 10−12, CH4 mass fraction=
1.13365× 10−4, andT = 2806.78 K. It is observed
that although the reduced model predicts the tem
ature profile under the nominal conditions with gre
accuracy, under conditions away from the nomina
performance deteriorates significantly.

Hence it is necessary to quantify the range
species concentrations in which the reduced mo
can predict the species profiles within user-defin
accuracy. This leads to the problem of feasibil
analysis, formulated in[22] for process synthesis ap
plications. The idea of feasibility/flexibility analys
was developed in the context of chemical process
sign and operation, where an important problem i
maintain feasible steady-state operation for a rang
uncertain conditions that may be encountered du
plant operation. Thus the design flexibility can be
fined as the ability of a design to tolerate and adjus
variations in parameter conditions which may be
countered during operation. The feasible region o
reduced model can be similarly defined as the ra
of species concentration and temperature over w
the error constraint is satisfied(χ � 0), whereχ is
the measured deviation error evaluated by integra
of the detailed and reduced model. The actual vali
range of the reduced set is obtained by performin
grid search in the space of temperature, O2 concentra-
tion and CH4 concentration and solving the full an
reduced models under different initial conditions a
evaluating the error. An examination of this valid
range showed that the feasible region is highly n
convex, nonsmooth, and sometimes even disjoin
shown inFig. 4. The detailed mechanism used in th
simulation is the GRI-3.0 methane combustion me
anism consisting of 53 species and 325 reactio
which was reduced to 17 species and 59 reacti
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Fig. 4. Feasible region of a reduced model of GRI-3.0 me
anism involving 17 species and 59 reactions.

The conventional techniques for feasibility analy
are largely limited by their assumptions of convex
and continuity of the corresponding model; hence
application of conventional feasibility analysis tec
niques to estimate such nonconvex regions will le
to erroneous results. A new technique is thus de
oped for this purpose, based on the idea of surface
construction[23]. Surface reconstruction techniqu
have the capacity for identifying nonconvex, even d
joint surfaces, given a set of points representing
object. To use this technique, first one needs a
of sample points representing theshapeof the feasi-
ble region. However, since the evaluation of the er
function is an expensive operation, performing g
search for every reduced set is not feasible. Also
most of the problems, the feasible region covers o
a very restricted region of the entire parameter sp
Hence sampling techniques covering the entire ra
of uncertain parameters prove to be inefficient, par
ularly when evaluation of the process constraint is
expensive operation. Most of the common sampl
techniques sample the parameters space based o
distribution of the uncertain parameter, which is
sumed to be uniform for the present system. Un
this assumption it will result in uniform sampling o
the entire parameter space, irrespective of whethe
sampled points are feasible or not. A new sampl
technique is thus used here which takes advantag
the fact that typically a small section of the entire p
rameter space is feasible. The sampling problem
formulated as an optimization problem and is solv
using GA. The use of GA as the solution proced
proves to be efficient for this problem since it has
inherent property of concentrating around regions
good solutions, which is the feasible solution for t
problem addressed here.

The purpose of the sampling step is to have a g
approximation of the feasible space by perform
minimum number of evaluation of the expensive fe
sibility function. The variables in the formulated op
mization problem are the initial conditions of spec
e

concentration and temperature, and the objectiv
to maximize the total number of feasible points
the search space. With this aim, the formulation
the sampling problem as an optimization problem
given by

max
∑

θfeas

(11)subject to(χ)θfeas � 0,

where θfeas is a set of feasible points representi
conditions of species concentration and tempera
at which the reduced set is valid. The idea is to m
imize the sampled feasible space; hence whenev
chosen value ofθ satisfies the constraint function,
improves the objective function, but when a con
tion is not feasible, it is rejected. Solving this proble
using GA reduces the required number of funct
evaluations by minimizing the unnecessary evalua
of the infeasible parameter space. The variable
the formulated optimization problem are continuo
hence to solvet using GA, the variables are encod
as a string of bits, and these strings are appen
together to form a chromosome. The solution pro
dure starts by generating a large population of so
tion, which are evolved through several generati
by applying different operators. The first operator
plied to a population in a genetic algorithms is t
reproduction operator. The primary objective of t
reproduction operator is to emphasize good soluti
and eliminate bad solutions in a population. This
achieved by first identifying above-average solutio
in a population, making multiple copies of the go
solutions, and eliminating bad solutions from the p
ulation in order to accommodate multiple copies
the good solution. Some common methods for ach
ing this aretournament selection, proportionate se-
lection, andranking selection[17]. While reproduc-
tion can make more copies of the good solution a
eliminate bad solution, however, it cannot creat
new solution. The crossover operator it applied n
to take care of that, where two strings are picked r
domly from the mating pool at random and some p
tions of the strings are swapped among themselve
create two new strings. If the new strings created b
crossover are good, more copies of them will be g
erated by the reproduction operator in the next ma
pool. Otherwise if the new strings are not good, it w
not survive beyond next generation, since reprod
tion will eliminate them.

The working principle of GA is that by applicatio
of its three operators, the number of strings with s
ilarities at certain string positions has been increa
from initial population to the new population. The
similarities, referred to asschemain the GA literature,
represent a set of strings with similarities at cert
string positions. Thus theschemacan be thought o
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Fig. 5. Sampled feasible region of a reduced model
GRI-3.0 mechanism.

as representing certain regions in the search sp
or specific ranges of the parameter value. Hence
having more copies of a schema with a better fu
tion value, one can reach the optimal solution with
searching the entire variable space, but by manipu
ing only a few instances of the search space.

This feature of GA is of particular importance f
the present problem since only a limited region of
variable space is feasible. Thus exploring the en
variable space to have an idea of the feasible reg
becomes computationally expensive.

Fig. 5 illustrates the sampled feasible region
compared to the actual feasible region obtained
grid search. An estimate of the points in the compo
tion space at which the reduced mechanism retain
validity having been obtained, the next step is to
tain a mathematical description of this feasible regi
This is analogous to the problem of surface rec
struction, where the problem definition is that giv
a set of points, the shape formed by these points
be determined. A mathematically rigorous definiti
of the shape of points was introduced by Edelsbr
ner et al., who proposed a generalization of the con
hulls, which are referred to asα shape. The notion
of α shape has been extensively applied in autom
mesh generation and geometric modeling, molec
structure and protein folding analysis, distribution
point sets, e.g., galaxies in the universe, etc.

The α shape of a finite point setS is a polytope
that is uniquely determined byS and a parameterα.
It expresses the intuitive notion of theshapeof Sand
controls the level of detail reflected by the polytop
The original paper onα shapes[24] defines the con
cept in two dimensions. An extension to three dim
sions, together with an implementation, is repor
in [25]. The value ofα controls the level of details
of the reconstructed shape. Forα → 0, theα shape of
Sdegenerates to the point setS, whereas forα → ∞,
reproduces the convex hull of the point set. Man
and Murthy [26] present a systematic methodolo
for selecting the value ofα by calculating the mini-
Fig. 6. Point-in-polygon test: odd number of intersectio
means point is inside, even number of intersections me
point is outside.

mum spanning tree of the sampled data points (n) and
evaluating the sum of edge weights of the MST(ln).
The appropriate value ofα is then given by

√
ln/n.

When applied to the problem of feasibility anal
sis, the aim is to have a mathematical estimate of
range of conditions over which the reduced me
anism is feasible. Hence, the input toα shape is a
set of conditions under which a mechanism is fea
ble, which has already been identified by the previ
procedure. The output fromα shape is points of th
original data set, which lies on the boundary of
feasible region. These points can now be joined
a straight line in two dimensions, or by a triangle
three dimensions, to obtain a polygonal represe
tion of the feasible region. Hence, by this procedu
the feasible region is represented by a piece wise
ear approximation.

Having identified the boundary points of the fe
sible region, the next step involves determination
whether a particular point belongs to the feasible
gion. This can be done by using one of the poi
in-polygon tests[27] to determine whether a point
inside a polygon or outside it. One way to determ
whether a point is inside a region is the ray-trac
algorithm, which states that a point is inside a po
gon if, for any semi-infinite ray from this point, the
are an odd number of intersections of the ray w
the polygon’s edges (Fig. 6). Conversely, a point is
outside a polygon if the ray intersects the polygo
edges an even number of times, or does not inter
at all.

Using this procedure, the predicted feasible reg
of the reduced model is constructed (Fig. 7) from
the knowledge of the boundary points of the fea
ble region and using the point-in-polygon test for ea
randomly generated query point. The predicted reg
was found to cover almost 71% of the actual feas
region of the reduced model, obtained by grid sea
Given the nonconvex nature of the feasible regi
this is a very good estimate as compared to the
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Fig. 7. Predicted feasible region of a reduced model.

isting approaches of feasibility analysis. However
is possible to further improve the approximation
performing a more exhaustive sampling of the fea
ble space.

4. Adaptive reduction

An efficient scheme having been determined
obtaining reduced kinetic models and evaluating
range of validity, the next step is the integration w
the reacting flow simulation. The reactive flow mod
will typically span a broad range of species conc
tration and temperature. The detailed model reta
information regarding the kinetic behavior of the sy
tem under all the different conditions of species c
centration and temperature. However, when the
tailed model is reduced, the reduced model loses s
generality, since it retains information of system b
havior under specific conditions given by its range
validity. If the same reduced model is used under
the conditions encountered in the reactive flow mo
irrespective of its validity, it will incorporate inac
curacy in the predictive capacity of the simulatio
Hence the idea proposed in this work is to gene
multiple reduced models addressing different con
tions of the system. The flow simulation will use
particular reduced model only where it is feasib
meaning it retains its accuracy in prediction of the
tual system behavior. Whenever the flow simulat
encounters a condition for which the present se
tion fails, it will search for a different reduced mod
valid for such condition, and integrate it.

Thus, the main aim is to generate a library
reduced models, the feasible regions of which w
together cover the entire range of conditions enco
tered in the reactive flow simulation. However, th
requires a priori knowledge of the accessed regio
the detailed reactive flow simulation which is not po
sible. An alternative method is to have an estim
of the accessed region by solving the detailed fl
simulation with a reduced mechanism or a simp
fied flow simulation with detailed kinetic mechanis
In the present work the pairwise mixed stirred re
tor (PMSR)[10] model with detailed kinetic model i
used for the estimation of the accessed region.

4.1. Stochastic simulation of PMSR

At any timet, the PMSR consists of an even nu
berN of particles, theith particle having compositio
φ(i)(t). The overall simulation of PMSR proceeds
first assigning initial conditions att = 0 to all the re-
actor particles, and then the simulation is advance
discrete time steps until a statistically stationary s
is attained. Between these discrete times, the com
sition evolves by a mixing fractional time step a
a reaction fractional time step. In PMSR, the reac
particles are arranged in pairs such that particles 1
2, 3 and 4, . . . ,N − 1 andN are partners. The mixin
fractional step consists of pairs (p andq) evolving by
a simple first-order linear model,

dφ(p)

dt
= −(φ(p) − φ(q))/τmix,

(12)
dφ(q)

dt
= −(φ(q) − φ(p))/τmix,

where τmix is the specified mixing timescale. Th
other physical processes present in the PMSR m
are inflow and outflow to and from the reactor a
reassignment of particle pairs, which ensures mix
between all particles in the reactor. Withτresbeing the
specified residence time, outflow and inflow consis
selecting 1/2N�t/τrespairs at random and replacin
their compositions with inflow compositions, whic
are drawn from a specific distribution. Withτpair
being the specified pairing timescale, 1/2N�t/τpair
pairs of particles (other than the inflowing particle
are randomly selected for pairing. Then these pa
cles and the inflowing particles are randomly shuffl
so that they have the probability of changing pa
ners.

The parameter values used in the PMSR sim
tion are given inTable 2. The simulation consists o
inflowing streams of O2, N2, and CH4, preheated to
a temperature of 1200 K. The inflow rates of O2 and
CH4 are 0.348:0.154, and the pressure is atmosph
throughout.Fig. 8 illustrates the accessed region f
PMSR in temperature–CH4–O2 space for this sim
ulation. It is observed that a considerable portion
the temperature and species composition space i
cessed by the PMSR simulation, and hence provid
satisfactory initial estimate of the composition spa
accessed in a more rigorous reactive flow model.
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Table 2
Parameters used in the PMSR simulation

Number of particles N 500
Residence time τres 10 ms
Mixing timescale τmix 1 ms
Pairing timescale τpair 1 ms

Fig. 8. Accessed region for a PMSR.

4.2. Analysis of the accessed region

Having obtained an estimate of the accessed c
position space, the next objective is to generate
duced reaction models which can cover the entire
cessed space. This requires identification of nom
points at which reduction should be performed. T
can be achieved by clustering the data of tempera
and species concentration to identify patterns in
data set and obtain representative points for such
terns.

Data clustering is a branch of data mining pro
lem. Given a large set of multidimensional da
points, the data space is usually not uniformly o
cupied.Data clusteringidentifies the sparse and th
crowded places, and hence discovers interesting
distributions and patterns in the underlying data. T
problem of clustering can be defined as follows: giv
n data points in ad-dimensional metric space, pa
tition the data points intok clusters such that th
data points within a cluster are more similar to ea
other than data points in different clusters. Cluster
techniques have been studied extensively in many
ferent fields such as statistics, machine learning,
data mining, with numerous methods proposed
studied.

In recent years, a number of clustering algorith
have been proposed for large databases[28–30],
which works well for convex or spherical cluste
of uniform size, but are not suitable for nonsphe
cal clusters having varied sizes.

As observed inFig. 8, the data set in the prese
problem, which is the accessed region determined
the PMSR in the temperature–composition space
large and nonconvex and is not uniform in sha
hence eliminating the possibility of using the abo
algorithms. For clustering such arbitrary-shaped c
lections of points, a density-based algorithm cal
DBSCAN was proposed in Ester et al.[31], which
works on two user-defined parameters: the radius
of the neighborhood of a point and the minimu
number of points MinPts in the neighborhood. Wh
DBSCAN can find clusters with arbitrary shapes
has the problem of being extremely sensitive to
parameters and not being very robust. A rece
proposed hierarchical based algorithm named CU
(clustering using representatives)[32] has the salien
features of recognizing arbitrary-shaped clusters, h
ing a linear storage requirement and a time comp
ity of O(n2) for low-dimensional data, and is als
stable. CURE adopts a middle ground between
centroid-based and all-point extremes. It starts by
lecting a constant numberc of well-scattered points
which are next shrunk toward the centroid of the cl
ter by a fractionα. These points are used as repres
tative of the cluster, and the clusters with the clos
pair of representative points are merged at each
of the algorithm. Thec representative points help
capturing the physical shape and the geometry of
cluster, and shrinking these points gets rid of surf
abnormalities and mitigates the effect of outliers. T
kind of clusters identified by CURE can be tuned
varying the value ofα between 0 and 1. It reduces
centroid-based algorithm forα = 1, and to all points
approach forα = 0. It uses space that is linear
input sizen and has a worst-case time complex
of O(n2 logn). In the present work CURE has be
used to cluster the datasets, and it was observed
considering a larger number of representative po
indeed captured the shape of the cluster better
having a single point.

4.3. Generation of library of reduced model

The clusters having been obtained, and the re
sentative points for each cluster, one of the clu
centers is chosen at which mechanism reductio
performed following the procedure illustrated in Se
tion 2, where first the detailed kinetic model is fo
mulated for species reduction at the initial conditi
given by the cluster center, to arrive at an interme
ate reduced model. This model is further reduced
the formulation of reaction reduction, to come up w
the final reduced kinetic model at the particular init
condition. The next step is the determination of
range of validity of the reduced model within whic
it retains the desired accuracy. This requires an e
mate of the feasible region, which can be obtained
sampling the temperature–composition space foll
ing the technique described in Section3. To obtain
a mathematical definition of this feasible space, aα
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Fig. 9. Overall algorithm for adaptive reduction.
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shape is constructed, which identifies the bounda
of the feasible space. The accessed data points
then checked to identify points which lie inside t
generated feasible region using the point-in-polyg
strategy. The feasible points are removed and the
dated data set is reclustered to obtain another n
inal point for reduction. This procedure is followe
iteratively, as illustrated inFig. 9, until enough re-
duced mechanisms are generated to cover the e
accessed region. The reclustering procedure is ne
sary since the feasible points for a particular redu
mechanism can cover an entirely different region th
defined by the initial cluster for which the nomin
point was the cluster center. Hence by the propo
iterative procedure the optimum number of reduc
mechanisms covering the entire accessed space o
PMSR is obtained.

For the present simulation for methane comb
tion, a total of 12 reduced sets were generated, co
ing 78% of the region accessed by the PMSR mo
All the reduced models were obtained by running G
with a population size of 10, evolved through 5
generations, with an allowable error of 0.01. The
tails of the size of all the reduced models are giv
in Table 3. It also compares the average CPU tim
required to integrate each of the reduced model.
CPU time required to integrate the detailed GRI-
mechanism is 7.99 s, which is much higher than
reduced models.

All of these reduced models are obtained un
different conditions of temperature and fuel and2
concentration. In order to ensure that the models
deed captured the physics of the system, the red
models were tested for the known behavior of the s
Table 3
Reduced models used for adaptive simulation

Reduced
mechanism

Size of mechanism Single integratio
CPU (s)Nspecies Nreactions

1 6 5 0.015
2 9 19 0.037
3 17 25 0.605
4 18 28 0.01
5 22 50 0.188
6 25 51 0.265
7 22 54 0.023
8 27 74 0.026
9 26 84 0.696

10 27 104 0.048
11 28 117 0.096
12 29 150 0.18

tem. For example, nitrogen oxide formation is kno
to be absent at low temperatures and takes place
at higher temperatures. Similar behavior is obser
in the reduced models, where the nitrogen oxide re
tions were absent from the low-temperature redu
models and appear in the high-temperature me
nisms. Also, the high-temperature mechanisms
cluded the endothermic dissociation reactions, wh
are absent from the low-temperature mechanis
which is also a physical behavior. The reduced m
els obtained at high temperature are also consis
with the high-temperature methane oxidation mec
nism discussed in Glassman[33].

Once sufficient number of reduced reaction m
els have been developed to cover the entire estim
accessed region, the next step is the incorporatio
the reduced sets in the reactive flow models.
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Fig. 10. Integration with flow simulation.
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5. Integration with flow simulation

5.1. Modeling reactive flows

In the present work the stochastic reactor sim
lation of a pairwise mixed stirred reactor (PMSR)
used to test the performance of the adaptive reduc
scheme. The PMSR scheme covers a broad rang
conditions in the composition state space and it d
not require an extensive modeling effort, hence of
ing a perfect testbed for judging the performance
the proposed scheme.

As mentioned before, the PMSR simulation is
time-marching scheme, where the incremental t
step is split into the mixing time step and the re
tion time step. For such a fractional time-stepp
approach, the flow time-stepping will remain un
tered. This time step will result in a set of spec
concentrations and temperatures that are passed
the reaction time step, at which the system will
act under the conditions obtained from the flow tim
step. This reaction step requires the integration of a
of coupled stiff ODEs, which needs to be integra
over the reaction time step. When the detailed mo
is used for kinetic source term, all theNs ODEs con-
sisting of NR reaction terms need to be integrate
The objective of the reduced model is to reduce
number of ODEs and their coupling by eliminatin
species and reactions participating in the source te
When a single reduced reaction model is used o
the entire flow simulation, the same set of reduc
ODEs needs to be integrated at the reaction step
the adaptive chemistry scheme, however, there
library of mechanisms from which the most app
priate one needs to be selected and integrated. H
at every time it is likely that a different set of reduc
ODEs are integrated. As discussed before, the a
racy of the reduced model depends solely on the
tial species concentration and temperature at whic
is used. Also, each reduced set is characterized b
α shape defining the range of conditions over wh
it is accurate. Hence to select an appropriate redu
Fig. 11. Range of conditions addressed by different redu
models.

mechanism during the PMSR simulation, one ne
to check the feasible region of all the mechanisms
performing the point-in-polygon test to determine o
which is feasible at the local condition (Fig. 10). This
check is a relatively inexpensive operation, on aver
taking 1 ms to check one point for a single reduc
model. Hence, even for a fairly large library of r
duced models, it is not expected to offset the comp
tional savings achieved by the use of reduced mod
The flow time step will involve the solution of all th
species of the detailed mechanism, while the reac
time step will consider only those species presen
the selected reduced model, and the concentratio
all the other species will remain unaltered. This pro
dure was followed for PMSR simulation for metha
combustion. The library of reduced sets presente
Table 3is used along with their corresponding fea
ble region, which is the information of points formin
the boundary of their range of validity. Depending
the local condition of the reactor, different reduc
models were chosen by the flow simulation.Fig. 11
illustrates the different ranges of conditions addres
by different reduced model.

As is observed in the figure, most of the reduc
models have overlaps in the feasible region. T
means that more than one reduced model is valid
der certain conditions. When such a situation aris
it is judicious to choose the smallest of all the va
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Fig. 12. Frequency of selection and integration of differ
reduced models.

models. With this aim, the library of the models a
arranged according to increasing number of reacti
When the flow simulation accesses this library,
will come out of the library on identifying first valid
model. This procedure was followed for the PMS
simulation of CH4 combustion, when the 12 reduce
models were found to cover 78% of the conditio
encountered by the flow simulation. For the rema
ing 22% of the conditions there was no valid reduc
model in the library; hence the simulation integra
the detailed model for these conditions. The libr
can be further updated by obtaining valid reduc
chemistry models for conditions not addressed by
present library.

For the PMSR simulation, at every time step
the reactor particles are under different conditions
species concentration and temperature, dependin
which it selects an appropriate mechanism. He
at every time step each of the reduced models
selected, but with different frequency. The reduc
models chosen with higher frequencies can be con
ered to affect the reactor condition the most.Fig. 12
illustrates the average frequency at which differ
reduced models of the library were chosen by the s
ulation. The PMSR simulation was also perform
using a single reduced set for the entire flow sim
lation andFigs. 13 and 14illustrate the performanc
of adaptive reduction in the prediction of the spec
and temperature profiles as compared to using a
gle reduced model. The adaptive scheme could
dict the temperature profile with an average error
0.162% and a maximum deviation of 1.37%, wher
the single reduced model had an error of 1% a
6.1%, respectively. In the prediction of CH4 the adap-
tive scheme had an average error value of 0.05%
maximum deviation of 0.81%, and the single reduc
model had one of 0.4% and 3.33%. The prediction
both the O2 and O profiles was more accurate for t
adaptive scheme, having a maximum error of 1.0
and 1.9%, respectively, while the corresponding v
ues for the single reduced model was 5% and 7
The average size of the reduced model used for
adaptive scheme is approximately 54, while that
the single model was 59. This shows that by ada
ing the reduced model to the changing condition
the flow simulation, greater accuracy can be obtai
with the same dimension of the reduced model.

The developed library of reduced model is furth
tested by applying it to PMSR simulations perform
at conditions different from the one based on wh
the library was generated. This was done to ch
for the efficiency of the developed library for simul
tions under different conditions, and validate its co
sistency. Two such simulations were performed un
different conditions of CH4 and O2 mass flow rates
given by (Case 1) CH4:O2:N2 = 0.085:0.83:0.085
(Case 2) CH4:O2:N2 = 0.245:0.538:0.217, both a
atmospheric pressure and inlet temperature 120
The developed library of reduced models was fou
to contain feasible mechanisms for an apprecia
Fig. 13. Performance of adaptive reduction in the prediction of (a) temperature and (b) methane profile.
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Fig. 14. Performance of adaptive reduction in the prediction of (a) O2 and (b) O profile.

Fig. 15. Performance of adaptive reduction in the prediction of CH4 profile for (a) Case 1 and (b) Case 2.
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fraction of both simulations, even though the
duced models were not generated for these partic
test cases. This is an important part of the adap
scheme, since it indicates that the library is gene
and once it is generated, it can be used in sim
tions under different conditions and configuratio
The generality of the developed library is mainly
tributed to the feasibility analysis step, which captu
the conditions of temperature and CH4 and O2 con-
centrations at which the reduced model is valid. T
accuracy of prediction of the temperature and C4
and O2 profiles for these two test cases is given
Table 4. Fig. 15compares the prediction of the CH4
profiles for the above two test cases.

6. Discussion

In the proposed work an adaptive reduction sch
is developed to replace the detailed complex kin
network with a set of simple reduced networks, wh
can predict the behavior of the detailed model w
Table 4
Error measure by using the library of reduced model for
test cases

% error Case 1 Case

Temperature 2.37 0.7
CH4 3.12 0.38
O2 0.98 0.14

high accuracy within a limited range of condition
The procedure involves generating an initial estim
of the range of conditions encountered in a pract
reactive flow simulation. This is followed by ident
fication of nominal points at which mechanism r
duction needs to be performed. An efficient two-s
mechanism reduction scheme based on mathema
programming approach has been discussed in de
Having obtained a reduced model at a nominal po
the next step is the determination of the range
conditions over which this mechanism retains its
curacy. A new feasibility analysis procedure based
surface reconstruction methodology is presented
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describe the feasible region of each reduced mo
For the present work, the local condition of temp
ature and CH4 and O2 concentration are used as t
basis for selection of a feasible reduced model. W
these three parameters were found to be adequa
defining the state of CH4 combustion, they are likely
to change depending on the description of the fue

The integration of the adaptive scheme in a p
wise mixed stirred reactor is also presented. Si
the PMSR spans a large area in the compositi
temperature space, it provides a stringent test
any reduced chemistry scheme. The excellent pe
mance of the proposed scheme in the PMSR sim
tion does illustrate the potential of the approach a
indicates the suitability of this approach in a more r
orous flow simulation.

The adaptive reduced models are generate
cover the range of conditions accessed by a part
lar PMSR simulation. However, when the feasibil
of a reduced model is determined, a much broa
range of composition and temperature is conside
which is not limited to the PMSR simulation. Hen
the feasibility of the generated reduced models
much larger than the accessed region of the PM
simulation. Even then, while incorporating the ada
tive scheme in a more rigorous flow simulation o
may encounter conditions for which no appropri
reduced model is available. For such cases one op
is to use the detailed model under those conditio
and the other option is to build a reduced model
those initial conditions, describe its validity rang
and update the library of reduced models.
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